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Derivation of the I-O Equation of the RCCC Linkage

Figure 1: A RCCC linkage for function generation (s; is b; in this paper)

The derivation is most easily done by resorting to the Principle of Transference:
Just put “hats” on all variables and parameters of the I-O equation of the spherical

linkage:
]:71 — ]%26@1 — 12'3064 — ]:7469\1064 + Sé18é4 =0 (1)
where
Céi = cﬁi — ebisﬂi, Séi = 80,‘ + ebicﬁi (2&)
c(-) =cos(+), s(-) =sin(:) (2b)

with 6;, for + = 1,2,3,4, and b;, for © = 2, 3,4, being the joint variables, while b; is

a linkage dimension, and € is the dual unit, defined as € # 0, ¢ = 0.



Coupler link

Figure 2: H-D notation associated with the RCCC spatial linkage

Upon substitution of egs.(2a) into eq.(1), we have
ki — 1%2(091 —ebysbh) — /%3(004 — ebysty) — /%4(091 — ebysb1)(cls — €bysby)
+(s61 + ebichy) (504 + ebscly) = 0 (3)
Since {k;}? is a set of dual numbers, we can express them in the standard form
ki = ki + ebiky ,i=1,2,3,4 (4)

where k; and k;y are real, nondimensional numbers. In this context, k; is called the
primal part and bk the dual part of {k;}*. Using expressions (4), we can write
eq.(3) in the form:
ki + ebikio — [kochy + €by (kaocty — kosby)| — [kscly + €by (ksocls — s4k3504)]
—[kacO1c0s + €by (kaochic0y — kysOicls — kachys04)] + 561504
+eby (chy504 + sy561c84) = 0 (5)

where



which can be broken down into two real equations, one for the primal and one for

the dual parts, namely,

k‘l — k2001 — k3004 — k‘4091094 + 891894 =0 (6&)
klO — k20091 + k2801 - k30604 + 84]{?3894 - S4k‘40601004 + k4891094 + k4091894
+cb1504 + s4501¢0, = 0 (6b)

From eq.(6a) we can obtain 6, in terms of 6, while from eq.(6b) we obtain s4 in terms

of 61, once 6, is available. These equations represent the Freudenstein equations for

the RCCC linkage.

On the other hand, the dual Freudenstein parameters l%i, for 2 = 1,2,3,4, are

defined as in the spherical case, but this time with hats:

~ Cd10d30&4 — Cdg ~ 0@38&4 ~ 0&18d4
ki = ko = ks =

SOA,’lSdg ’ 8&3 ’ Sdl

where
chy; = co; — €a;Soy, SOy = Say + €a;cq;
Upon substitution of eqs.(8) into eqs.(7) we derive

~ CO1C3C0y — COy

1=
saisaz + e€(ajcarsaz + az, sajcas)

(—a1 s cascay + aasay — 3000 A3503C0 — A4C0H CO3SAlY)

sa8ag + 6((1160!18@3 + as, salcag)

P cagsay + €(agcazeay — azsagsay)
2 p—

saiz + eazcos
ca1say + €(agcarcoy — 150 50y)

s =

saq + eajcon

k4 = coy + €50y

(9c)
(9d)

Then, substituting egs.(4) into egs.(9a—d), after some simplifications with the aid of

computer algebra and the rules of operations with dual numbers, we obtain:

__ ChCogChy — Chig __ Ch3S0y __ COsay _
]fl = y kQ = y ]{33 = s ]f4 = COy (10&)
SO1503 SOz SO
_ COl3C0y — CX1C0o SQo CQCll3 — CO1COy COl1CO3S0y
kl():?“l 3 + 7o “+ 73 2 — T3 (10b)
s sa3 SO SO St S0y St1 SO
—S0y CQ3COy
koo = 13— + 14 (10c)
SQi SQ/3
SOy CO1COYy
k30 =T — + 74 (].Od)
Sa SO
ki = —rss0y, (10e)



Interestingly, the expressions for the primal parts of the Freudenstein parameters,

as given in eqs.(10a), are identical to those derived for the spherical RRRR linkage.

The inverse relations of egs.(10a) are therefore identical to those of the spherical

case, namely,

k ) | B
cos Qv = \/—%, sinoy = 5 (11a)
koksky — k1B . | BC
cosS g =—————=—, Ssinay =14/ == (11b)
vDE DE
ko ) B
cos g = —, sinag = \/ —= 11c
’ VD *=\VD (11c)
CoSQuy = ka, sinays = VB (11d)

where we introduced the notation

B=1-k?
C=B(1—k})+ k5 + k3 + k3k3 — 2k1koksky
D=1+k—k;

E=14k -k

Furthermore, the inverse relations of the eqs.(10b—e) are readily derived, given that

these equations are all linear in the remaining unknown parameters {r;}{. Upon

solving for these parameters symbolically, we obtain

sin

= — 5 (kog sin (03] sin oy + k()4 COS ¢¥1 COS 014) (123)
sin o2
ko1 sin vy sin a sin oy + kg2 (— €oS ay €os @y + €OS (g €OS (i) sin aig
Ty = 5 :
sin vy sin oy
sin oy (— cos ag cos ay + €os ayp €os o) p
- 03
S11 Gg
2 2 2
COS (rg €08 (4 (COS af + cos a3) — cos ag cos az(1 + cos )
: — kos (12b)
sin o sin o
sin o ) .
3 = ———5 (kog sin a3 sin oy + Koy cos a3 cos ay) (12c)
sin o4
Koa
e = —= (12d)
sin oy
or, substituting into (12a—d) relations (11a—d), we derive
Bk + kzkakoa
. (134)

EVB



_ V Bk, Ni koo

N2 k03 N3 k04

T9 \/5 + \/%D +
o koo B + kokaskoa
3 DVEB
T4 = —\k/LE
B

where we introduce the notation

Nl = —(klkg + k3k4)B — 2k%k3k4
N2 = —(klkg + k2k4)B - 2k2k§k54

+
VBCE B2VCDE

+2ky (k3 + k3 + kak3) k] — koks(4kok; + 3k + 3k5 — 2)ky — k1k3 (1 + 2k3) — k1k3

(13b)
(13c)

(13d)



