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More algebra relevant to optimezation

Consider decomposed A€ R™" as:

0O O
o PO
38.?@ with some
0-blocks missing

o useful ?« ﬁas%asm At
. sw@*c\e mo« T.,s&:@ R [A],

tnvertible

N{a12{x: Ax =0}

:mm*&. later *2

constralned owtsﬁptos

with o:.pwo:& A

L»m..opwl"ﬁ +the so-called 2.;@&.3. volue
o_ooos_oo&f.os %@Ew (9.4)
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@UTh ror A g™ of (9.4

(v) R[A] uo:“_@;?.;_u*mu

1
colums of P
—

?33 on orthonormal
basv's *o« RL[A]

W) W[AT=Jd mwi«ti:;@*\:.‘_

I
{ columns of &

= R[H] where Il—”éiﬂiv.:vn—\*su

|

(33) | all x's N(A] ave aosmé\w&
by HO os © varies over R™"

\n,:w some of the ©- blocks ?,3.& ore
mLssng, the effects on Th. (3:2) are
NPmm— to T..w.s.o ouk.




Yy gramie
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?,8* o.—. (¢) uses:

(9.4) Lemma uﬂ Be RP*P i :o:-mmsmsef.
then R[8]=RF

To nros ._uso&..
set X = set Yy

we howve to show that
Xcy and ycX

To show that XcY:
show (xeX)=>(xeY)

gm%\ u

Proot of Lemma 9.4)-
Proof that R(B] < RP :

R[B]1={8«x :xeRP} < RP
(ﬁ\m:ﬂ_u

Proof that RPc R{B]:

am—xm.HVJuw@..Mm‘wa for some x
X

= ye {Bx:xe RPY=R{n]

TOOTSTITTE T,

GED

HM /00C /a4
Proo} of W)

RIAT={ Ax: xeR"]
LRl e

Y vories over & (&"]=R"
because QT = Cnvertible

X
§
= AST s (§ "
~ v~>om_ ﬁmvm R
z
Z vartes over R[A]=R"-

A |
because A = {nvertible

q_llé—uA.NV 1 2¢ —quMM,va«...N.U ;zeR"

o {=\

= L[ pus ,:J_u*«..— QED

w
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Orthogonal complement of o linear subspace O thogonal projection

“O«. a —‘.W_om. NI O% —w: by AJﬁu Ac—llrl. mg—uﬂOw@ b = a h.w.w. 0% ”3
lnear swb-space Then: every z €R" can be written as :
the orthogonal complement of L | 1=2% +%
[\ [\
. LSO\
4+ = the sebt of vectors which are the orthogon ok the owwrowospe
ol‘\yo@os% to every vector in L . projection of projection ‘o
n oot z on L z on +L
umum% t2'x=0,VxeL]
or unigue Z ,Z
m-._. GWN.. ;_.. % m. ! 2
L L n R3: L
0 A . .
u me.M_B&pr.o: agadn !
in R Z = closest pt. n Lioz
Z =closest pt. intl toz
)T _ _
(35)Th  For a Lss. L of R"; _, Gfﬂlm Jb L=R{A] for some Aemrm"
(11 4L sal.ss of R" _~ then z = AAtz
.. . Z = -AAY
@) *(+Ly=L | 2 =(L-AN")z ()

v
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A useful fact about A e R™*"

(38)Th  +R[A]=WN[A"]

Proof that +R[AJc W [AT]:
xe TRAT

> Hadno ~<gm%ﬁ>.._

= TAx=0, ¥V xeR"

= (ATz)Tx=0,V xeR”

choose x = >qﬂ,

4> (A2)TA%=0 = |A"z|t=0
= ATz =0

= z€ N[AT]

ence  +R(A] c of (A7]
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?oom. that N[AT] < tR1A]:

(#) closest point in R[AT=L 4o 2
X = arq min  JJA x~zll

w

Atz = 7 =A%

BIAIE e O S

"
>
=
N

ze W[AT]
= >.—. =0
S xT(ATz)=0 , ¥ xer"

T

AFx._.& =3 xmmm ﬂMme.x... Hﬁax

(A"2)"x =0 , ¥ xeR"

= Nﬁmnxuo y VxeR"
4

vartes all over R [A]
as % vovies over R"

> 2y =0, ¥ ye RIA]
=D ze T R[A]

:@s.«@ c:.ﬂu c*+R(A]
QED
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>2§.08£o: of Th. (9.8) to qive (ncreased
mswmwvﬂ—u %01 mun s m& - >x __N

XER"

Jt (s obvious wmo:.@m..moés that :

Y4<AX L 4o every veetor in R(A]

| ™ (a.2)

= >4T,:l>wguo
= >._.fn ATA A

, a ssuming that
N X = (ATAT AT ATA = invertible
| Jd ~
_F:,”m.»n .
= QS?W&.PZw ?«3&9

T«. X

HM /00¢C [ 3.10

So: o ATA =invertible

then the unique wporn» minimizer S :

X= (ATAY" ATy,
Since there (s o:f one ﬁow&. minimizer
(b must be the qlobal minimizer of least
norwm.
Hence °

Alyg = (FATATyy ) Yy

“V >+ .Mn. A>4>.Vca>4

only of (ATA 7! extsts —

o the above ¢ a new dercvation of Q ?«3.&?
for At for a special case, yeelding hew insight

BT : ?«59& ATA undesirable :sso?.o.&m

= ,noI:‘:»P om .w..* *oa}..,, s befter
as (t works even cf ATA F (nvertible
and avouds calewlotion of ATA.




