HM /o0C /6.4
Rewiston of norms % ol"remo:&. matrices

For xe R"

I xll = o measure of the * tength of x"

many defimitions posscble - all no\inm_?a :

(6.1) Norm qxioms — chosen so x|

" behaves like length
vV x,2eR", ¥V aeR:

Axtom T : Wxll>o0
Axiom I+ [lixii=0] <> [ x=0]
Axiom W:  fdxi =lol-Ix
Axtom W: D x+zll € x|+ lz|
A
called

+2,9:um

msnmssr.f

-based on
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Mxp.siow of norms on R"

n
1o0xly & 5 1x]

L=

2. =x=~. 2
horm

n %
(3" a2)"
v=y

£ :nr,%psfﬂ

3 Wxlleo = max {ixa), lxal, ., Ixn1]

- W T W e e W TR e e e e W E e e e -

Im thos leeture &Epf '

WO.. 2 n 2 )
hx)" = M X =Xyt xm
L=
)4 Xn
= |xll = (xTx)?
Orthogqonol wvectors :
Jn R <
0 X Lz
X

IJn R" ~ _Vo;rowosn» F

- e e = e

= x| = =x=~.

X
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€2 (x 1z] e [ hxezll =l x-z0]

ra mmﬁ.
@MPQ&@:&J :
€3) [x12] & ﬁxaw now
_v.,._ a_@*.

S
why this defintion 7 ~

because Lt (s a ke _.28 ert &,
o«kre@o:&af tn _W». PP
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Equivalence of (6.2) % (6.3) :
o ¥
Wx+zll = Jx-zl| < (e.2)
)
Ix+zl1? = fx-2|?
\

(x+2) (x+2) = (x~2)7 (x-2)
h I

4
XTx +2"x + X242z = xTx-2Tx ~xTz 422
r “r
xTz xTz
2xTz = -2x"2
()

Ty = « (6.3).
X'z=0 (63). qeo.

(6-4) Defenctions

@ xe R" is called normalized cf xi=1
@ x,2€R" are called orthonormall iff:

(a) X412z A \,\x
() Mxu=lzl=4 \_/ ,
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Couchy - Schw L L
@ 'Kk VXx ¢ R" ave called orthonormal The  touchy arfz inequa 2&

i S For x4y eR":
Lxd Voo (L4
&) RRTINIL @ 1xyl < Uxl 1yl

() Wxth=1, v | .,
| a»spﬁ& o=£ when x %y

e.q. . 3 A,
1 the standard basis vectors for R”: | point (n the same direction
- 0 ! ‘
@..,AMV ) mrn?v ) mwnﬁwv
° ° 1 E = xTy < lxll, Iyl
Ovthogonal matrices (6.5) Proof :
° D Obvious f x=y4=0 ,s0, say x#y.
very .,.Swoqus.o for A s 2 .
numerveal &wol?é Hintmize x+o£__ with wamwo& to LER.
Since ) xi,i_pn Ax+»ﬁ:x+£v

P e R™" s called orthoqonal Cff: _

. = x4 22 xTy iy
(ts columns are orthonormal . I 1 u__

the Bmsms..w.?w & \s !

Some propertres of L P . (6.6) o )

Ae PTP = ppT= = pT.p <= ~Xy . and then

) ___ux__,mx... 0 xdl “ __x+wu=pn x4 (e Y < S0 ks
» YR 20

because | Px|*= (Px)TPx = x" PTP
" X St aatagh®

= XTx= I o bglsUxiigl e

T
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Atnear least- squared error problems :
A?ssss‘ios + background ?90:;@ wov

Noore ~ Penrose w”osaon thverse

Consider - €RM" |
= Ax
output viewed as q transfer

?so.f,os o* some
sos-o_m_:ns‘.mo wu_ﬁ.a.s

.> oo:fB.. Wso_o_o:,... _‘
Given a descred o&nw&w Yq erR" _
what makes Ax = ,

T

_!pw near as posstble

J§ 4 A~ = .,mms?am X u>-.uo_
%
[ Ax =441

, exactly | | |

But whot of A # Square ? (= when M >Lv.~

HM/00C/¢.¢
In mo:««&.”
suttable x can be jound J soluing ;
min Jlag = Axll
x€eR" E destance of Ax
| from yq
An obvious approach :
mnll -l &> min |l .:__a

! take Vix) = | yq - Axll®

T.Iu».“v._.ﬁf_ -~Ax)

= V(x) = _.ug__»+ A«~>4fv._.» +wxﬂ?>4>.._x

~ (lw)( b
a C
But does CT=c 7
S CT= (LATAY = 2AT(AT)"= C

[yes)]

.—@ BY = %\; A
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s C>0 7 /o0¢/
xaoxnu@;xuu;ip >0,V x#0
..\i“..
(AxT' A x ¥0, Vx#o0

2 cy0 U} Ax40,V x+0

So, suppose Ax+0, ¥ x40
Then <ocu__§|>x=@

i
a tose of our standard wE&B\Io

> x=-Cb= (ATAY ATy
_’\ /

looks nvce _us*..:.N

Diffeulby 4 : not always true that
Ax$£0 ¥ x40

Diffeentty 2 evaluating ATA very w::n_otz@

to errors caused ca ?.E;nm 4.32.:2, Ss_ac.tzu.

= a belter minimizotion method it descrable
— based on o}:owosﬁ, matrices.

¢
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A qeo metrical (nterpretation

Set of ol possible owtputs = w>x : xe R"}
.._x._”.yu_ c R™
T:m ranqe om >~

1}

eneval case
not squore

Computation of Ax

n
we Kkwow : A>x: =) Aoy Xy
K=1

Also °

column Tsiﬁ? row TssﬁpP

Ax = M<.h Qe e ¥x AX = | G1xX
k=l ;
l I Lomex
_”9»*:.49#5.._ 9.;* <« row 1 o*>
column Hof» 9“3*
So:
RLAY={Ax:xeRr"}

M M.. Ay X t Xc € =-<_&

K=\
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-"V
R[A]= set of all Wnear combinations

om Qx4 ,..)Qxn

#r@ lenear spoce

= L lage, - ,a5n] spanred by the
| oofs.ﬁiom.;

_umo&J would ke an x&R" to exist such
khot Yd = Ax which happens ift
Y4 = & possible system owtput , le. iff
Yy € K [AT - setof all possible outputs

,; then

men Uy, -Axgt =0
xeR" d

Example: (m=3,n=2)
d[Q4,%%27 = R[A]

‘orio:m &@oi@mlnpf
that 4, - AX
s L to R[AT e
LS L Yo any vector
tn R[AT.
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>o¢cbf .*2. o Knear mFrmwpoo Wke the
range of A, the sek of all vechrs uwhich
are orthogonal +to every vector in R (A]
s called the ovthogonal complement
of the range of A .M@:o?g LR (A]

muse_oor.oaf :

LR(A]={zeR": 2y=0, ¥y e R[A]]
Hence the T&w that

(Y4 -AX) £ RLA]

tan be @xw«@mmam more :mo&f rmu

(Yya-A%) e “R[A]
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1 Algebrag proof that .

; A . . 2 n
4 X minimizes =>t|>x= on R

| U (ga-A) L RIAT (ench gueR(AD)
=f->x=su__ﬁ..i»:-»;p

: = 1 (yg-AR) - A(x-3O0
| = Ny ARIE - 2 (4-ARTAG-R) + IAGERI

“TeRr" T3
1 70
- —e R{A]

=0

> lyg- AP , YXxeR"

% => x s a global minimizer (f
(Y4- AX) L R(A]. QED

iR T el

e
Loanied




