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Newton's method
For wF.&Prf o—mmpqmsin_m V:

V(x;+8x) = V(x)+ TV(x)T8x
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ﬁ<xxnxu.._?é vxw&xé vx.v.wx_u

eq. V:R'=> R then
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So:
V8 £V () + WOgTax+ 5 BV e (40)

ﬂwo« small {|d x|

For owr standard @qspo_so*% on R"
V(% £8x)= V(x{) + TV(x])T8x + £ §x7C dx
for alt éx € R"
> Vix (X;)=C >0 , ¥ x;

How to w@w search directions from such
quadvatic approximations of V ?

Consider a wzm{nc.,_ more wos@xﬁ w:p%&&.&
923139*83 .
Vix)=V(x;+ T-x_,c

8x |
__mr<5.T<<3Ex+w.r:u;,.;xm,\._._.g

with vﬁx%._.u Plx;) : /
_ m,_ng%:m *o«u
value at x om expansion about x; with second

order contuibution 4 §xTP(x|)dx
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(44) Th  Consider

V()= Vi) + WOV (x-x;)
+ 4 (x -x_...._. P(x;)( x=x;)
where be )= EJ.V

Then: min <~.mvﬁxv
xeR"
(T) existe and occurs F?.&S@I ak

o5 Xj = Ixt;qﬁxt tf Plx;)>0
(L) exvsts and oceurs sos-c.:om:of ot :

.m.. = x.. - wmxh V+ <<Ca )

».ﬂsm so called .;mc.o_o,?éam
of vcﬁ ; to be defined later

of P(xj)20 and <<mx~2 € ,.w\_uzx._.m
| _

e xT P(x)x 20

ranqe of dvoa.v
forall xe R™ N

Tmzs : _Xx.:uux.um _z@

ie. ﬁTth”_wPS“

e

HM \30}.:
(B) does not exist oany A [P&Y]<0

eq. to see (x):
Peoy . ArY L\ =
4<.w C% = 4<_C€ + v?Z?ﬂxL ﬂo
_ necessary condition
for a L.m. of <A_.1

=> m._. X = nfxbiaix._.v

to see W:
Su.ppose t+hen that eq. vaxtAo

= ang X s.t. Q<~.2muno

18 a maximizer (NOT & minimizev)
P o

o* <A, since ,
ma.x <%Cc = = min [~V (x)]

Xeph ‘ xeR" A
| mintmizer exists
and s given by (T)
X sinee ~ ,_\...v vnvolveg
~P(x;) >0
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Hence wminimization i. <.._v (s 231@3 when

P(x;)>0 ahd 2%.;.2,54._ < henceforth always

assumed
For um;axee Vi :

V(x)Z <h_vos when x = x|
and we :ﬂ.mr\* have

I

V co .&E&

<‘_..v contours _

wsﬁonwm use §. =

d

xA_ lx._. T
/I@as. mcq. <A_d

Note: Better approximation VP ¢4 v

~ A
QV xA_. neaver x

= s i better ‘ because it pocnts
:Sqoﬂ‘wo»

— e——— — —
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(4.6 K $; is called a descent - direction ;”..
<Axh+8w.mv < <C£.v
for some w>0 5§
VV(x)'s;<0 VV(x;)
D 9p Pogy>0 and Tvig#o
and S 2 m“_...x,_.
Then !

@ sj= =PV TVx) «] see Th (44)1)]

]

@ s

a. descent dcrection
2 ‘

B to see thus:

V VO )Ts: = —WVx)TP(x:Y ' 9V(xi) < 0
R i i YV |
beeause P(x;)>0 => P)>0

forall xj  (g)

# as then TV(x) and s ore at an obtuse
angle 1o each other
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Proo} of (#):

call .»w.u 1.Aﬁxﬁx = x »zx._.z .<x

,u.q Rx.,.vm.f.v P(x;)y
=1

= uam?..; >0 ‘<u+o

= x:u-?..; =

\2
X" F(x)x >0 ,¥ x40

as x.uo AuvL,n.\&

Hence we consider:

The P-algorcthm = the sd. &‘mo:&rs
\ ) with the above ¢, ¥y

#&W@s& P's &WS de mw.\o:.n ﬁaolwriu

Some choices for P(x;)

nmm:bsm«:@s‘dw : 1?& )7 = 1?2 >0, <xa_.

V(x)= <b.voa

mana. as possible |

T TR e T . IR 4

/_v zz\oon}.m

© ¥ Vex(x)>0 ) Vi
choose _Xx._.vnsc, (x;) ¥
S 5= = Ve )T ov(xg)

A
Newton s.d. %

qmmﬁtsw P-alg. called Newton &u.

@D I V)0
choose vQZ =a 132“2@ %?E‘.wm
o.«wsoxg??.os to Vix (%)

\'% |
modi {ied Newton algorithm

v
Choosing a posttive definite approxcmation

.—u& <xxnx:4“ A_\

# AS thew PT=pP >0 and <A_._vc: (s a moi

93323923 to V(x) when | X-X; I e smad

—$0 the Zmﬁ.ésoiw (%).on P are satisfied
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Put <xxﬁxﬁt (n wwmo.ﬁah mo.,iu

<xxAx‘_.g = M »A, 0 Z.ﬂ

@ Lo

/ |
ﬁo..wsowoso» matrix ((ndicated v.u 1)

meoning that MTM = MMT =T

(the columns of M ave normalized
F!Q.mg,\.i.oa of v)

Facts: () Vi PO off ony A; €0
@ P>0 (fall A [P]>0

é .
Obtain o pos. def. approximation P to Vix
by setting

He. = A of A;>0
A, S£>0 of A <0
- 1om.m@m.
A O MT < because
0o Ms eh—.&\i_m
\/m Z0

| HM /00C /4. 40
Remarks on Newton and so%.?.@g.\zgwos &umm.

(® For our standard quadvobic,

. A
Newton qives x,=x , ¥V xo Al.a

@ Many :85 functions
V look ltke a m‘:pmsp-
+i¢ near a L. m.

tence Newton of ten

qives fast convergence {a €m.x

A . A
to a L.m. X once (t w%w near x

@ wEu n=20 . >:o§.=m ?s n_“ss@*&
Vxx 'nvolves 240 %Qosas« q.o,u. RtV
| &xwvxe
= You hove +o find Q40 &m,@swa«
*oisssn
~ too much Wke hard wotk

= wethods using Vxx not o?@s.
w«poﬁope *..2. w..w problems

é\ “Bad

Secant gwois;» cnvented -
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Secant Alqorithms

T 1n these estimate Vx cﬁk.

?o_s o:ps%m i IV and x observed
as the sd. akgorithm vtevates

secant o»wo:x.r;m also known as
| m‘c.o.ﬁ.‘ Newton gwos&”sim

Development of Secant Alg.

Consider the standovd quadvatic on R"
when :

¢ V &% YV computable, somehow , Vx

o C unknown (but €CT=C>0)
|

nol.mwwoso:j to an unknown Vyx
as Vi, (X)=¢ , Vx *o« m:ao_ai.o ')

HM/ooc /4

Estimation of Vi (x)™' = estimation of C~*

For mss&B&_‘.o V:

>

P ——

gcven cbseyved |
pavrs (Ax,Aq)
Shall use

to estimate C

VV(ix+Ax) = VV(x)+ C Ax ) <,>x

CAx = UV (x+4x) =TV £ Aqg
Y
Ax = o-.bm (4.41)

|

note that Ax no-.bw ?1 one pair
(8x,Aq) does not specify every entry
of ' — n isoo...r._ (nclependent pairs
(8x(,49;) are o.owspf needed for that

é see next

A%
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At itevation )y of the s.d. 95; WE KNOW ;

Past chanqes Ax; . caused changes Ag;
[ al 4|

Lty v

{

We know ¢~ m&?.%m@w..

Xiw =X VV(%i4) - TV(x;)

=1 . .
Dx.uun.\ bmﬁ ) L=0,4,. -1

®

mc.wqx;m we 35.3,@ _.:. € %sxs. so that :
Ax; =

with (¢t )T=¢*'>0

5 4q; , ¥ C=04,...,j1
wtith Iw._.n ih >0

Secont condikion

Then i 74:\ the wnknown €

in some sense
becamse Hy satcsfies
properties & of ¢~

LT
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Since H; £
Hence use: wh. = !Ih 4<Ax~.v iy 10.._ <<Ax~. )
R 0 J
T T .
pseudo- Newton, Newton search div.
seaveh dcirection (%)
- would am&.op
Xig) = X
=X A#v
-but unusable as
_ln whknown

After oqwaimngu &o:w S prﬂ.,oxe.ao&}qw
we will have the extwa information that

caused by the w«p%mi change
3.. = 4<Ax~.+; - VVix;)
and we tan build thes new tnformation tnto
Pgwo*ost.. better estimate 1A_.+_ of ¢!
than H

(#) becouse on<xx‘ for our mspasst.o
) for owr quadrate V
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Q_.:: _Secant >Jo.,$r§ - There exist many ways ?._,‘ orgme.;m suttable
. Choose (i) x, & R" Hi . Most fomous Us:
(&) symmebric , pos. def. “._o eR"™" The Davidon-Fletcher - Powell Alg. (DFP)
estimate of unknown ' : = the Secant >£. when !
smo, Ho=T (f no belter quess exact o_ir wsed along each Sy
st ....9<8(P9_o$ ! H{ chosen Fw.“s,m”
1) —.»w e._ﬁwgfo: A_”_ N wn@smo —— - Iﬁ.uI + DM AD.” . _.:b.m_.,_. Ai_.r[bm._ )*
v Set s i= tz vV(x;) < der Ly ( xs.e Abw_ ;wz I._. bm._
o Choose W' 20 so | :
e .,+8 1)< V) ~ If approximate minimization uged along
d | each S ) we have to use other update
Jrinef wy oromws to minemize thes b schemes ?1 T.:o:sm _.;.i .?,oi _._A_.~ b_x._,.bm“.
o Set Xig 1= X; +a‘_ s m.w.;m.?s@g.o Rank
o Stop (f __4<C:.+_:_Am = small | | ~BFGS ——] probakly
* AXjE A= Bgii=m WK, ) = TV x)) : \ ~ Broyden the best

* Choose Jss pos.def. Hiv € R"™"s
Hiey = C' - (3133@_
..HM._L ) Go to Av

Ref : R. Fletcher : "Practical Methods
w ?m ow.ﬂ.smna.ios...\
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Properties of Secant Algs. for quadratics

(4.44) Th  Consider

Secant »5. :.2...5 exact minimization

Ppo:w each s ._.

o standard m.:pm.ﬁ?.wao V
Then !
@ the S mmswa&& are o..nozﬁ_.smn&m

=>| Secant Alg. = a CD.Alg. ~ NICE

%X achieved aftev ot most
n ttevations

@ # oll n c(tevations needed to Tsm X
then Is = Dl.
.
the estimate _.;. oan o

'S @ésgpf exact
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(4.45) Th. For

e many Secant Eww. :mmsa exaet mini-
!

mization pﬁosm each 5]
QSQ _.._c =T

e standard _mspmgﬂ.o V.

¥ x, =
_

Xo
_
’ maoP.iU A _
+then

xh. _ b .*oﬂ_&» b.w_

hso_\c.&:m drp

Question :

Usually Ho =T so Secant & C.G. 4..@?.\
for msp%?t.ﬁ ) the same X; 's
BuT:

Secamt = more complex alg, than CG.
So: what s the use o* Secant algs ?
>:m wer !

Secant tends to be beker than CG on
non- m.spmx9¢...o V, when algs. 92.2&
properly do such V-




