HM /00C /404
Fixed point algortthms _ﬁoﬁ solving h(x)=0

where :  h: R"—5 R"

m.&. *os mo_.izm o_v»....:ﬁ#m 8:&48:<<Axvuo
1 )

potentially relevant alg. when
V#*quadratie and/or n = very buy.

u.»@n. .

Rewrite h(x)=0 as x = f(x)
,..m woum?_&
Then (X = a solution) &= [ h(3)=0]
= _”»13&

so mﬂ X qoes Q&o.? then %
Comes oub c.e. X (s a fixed - point of {

HM /00C/10.2
>sp£wmw needs :

Delinition f (s called ¥~ \,%w&&wu (on R")

t NEC-~E(y0 < ¥l x-yu y Vx,yeR"
{

¥ 20
| smallest possible & will be best fov :L

u% ¥<, = ._w (s cafled a contraction
gq. if }(x)=a+Bx , a&R", Be R™"
= JEx)- Hg =l (a+Bx) - (a+By)

< | B(x-y)|
S el ix-yll , ¥ xyeR”
I

m:.wﬂu@w*m : P,T.xmm.n wof.\:&c PJ. :

x?u%?..v ! Xo€ R" ) Yy

Convergence of Xj tox 7
mmoz.;m cond(tion ?

=> can use ¥ = ||B|l | where:

__mv__ = __m.__.qP = nduced norm = /\yspx Amqmv_‘
or _
"WBH = Ul = Frobenius n, & MM F.w. »
i

IBUe>UBH, (so UBIg not best for ¥)

BUT Bl s much easier Yo Compute




HM /00C / 40.3
Go.i P um *.. s & contraction then!

x ={(x)

has o wnique solution x.

Proof : (only unigueness, existence harder)

non- F:—..ﬁ;.@ WOS\WGOSA_\

3 golutions X and X with X + X
W

NX=-X0 =\ tmvl%ﬁm;,

< TIX-X1

=)

< IXx-%I < contradection

Hence : unique solution.
¥ QED
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A0.2) Th \
( = Constder : Xipy = %Axt ; Xoe R", Vi
,.2. * (s &...t,,wmos&u with ¥ <

( t-e. a contraction
then: )

9 pgamso..wo?gos X of xuﬁxu , and
() 0= lx-%0 < riixe-XI | V30

so, stnce ¥ </

.. A

(w) xh.f.Vx

from () :
Smaller ¥ ,._B_;e.@m ?ﬁmoﬁ
usp<§¢§ convergence

Proof of (¢{):
I X = X 0= 0RO =GR
< Thx-%| (10.3)

S0, ...woﬁ?f..:m.mrr.m.
I xa.,m__ < gyl xo-»__ , Vizo

= (i) QED
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A m*ovt.vi condction / \

.mszswo e would be mi:*%n with an X{
neoy m:osws to x in that

HM /00C/ 10.¢
Proof of Th (40.4):

Ixj-Xl <& < re-specified eq. 1078

Not %:mowf :3?& as mmo_%sm - cond(tion

A
stnce X = wnkhown .

Howevey :

o) Th 9 £ e ¥-Lopsohcty with y<1,
then : |

)
_?h.-x__ﬁ ﬂm WX =X 0, v >

So we can mwom ;ms&oe:w x:oae:m that
I x;-%i<e

% we continue 303?.3 wntcl

easy to test

e of Ix; -xy < X =x.-x A <l
ZO&. ) A
X =1 w___ Xi-1~ X I‘_. - x|
Xy =X+l =X
flJIL

(t0.3)> < ¥ lix - K |

* . >
Wx =+ X=X

o (=¥ ) | x_.._-m__ < |l Xpey = X;
>0 since ¥<||
O ux-%0 s 01X = x;
1-¥
.n...spf

X% < ¥ix -xi

X, =%

I
T |¢><1
OQ

= ,.m.l W xj- x| QED
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The fixed -polnt alg. can now be coded as:

R A . * A
¢ Xpg, = N tial estimate x, of x

Repeat :
* Xod ‘T Xpey
¢ Xpew ‘= %Ax.zcov

Question : does ¢t ever terminate 7
_Answev i yes - &(EP% of o:£ V<A

Then !

So:

HM /00C /40.8
About vewriting h(x)=0 as x={(x)

mo« the limear case )

ourosm Ax —b

AeR™" b eR"

Methodology :
mwzm A as

A=K+E
/[

memf cnvertchle
9335“59&85 to A

ovvor |

0 =Ax-b

=Kx +Ex-b
=>  Kx =b-Ex
= x=K"'[h-Ex]

#7@ wvemw X _ -A . 4 .

| =K [v-Ex] 2

A=K+E [b-Ex] = $ 00
14

\)l/




HM /00C /10.9
aém«miﬂ chotees ?s K

W
%m@ws.o f(X)'s and &m@«@i fixed - point algs.

J X = 1)

I x -%0 < S ¥l lxe-X| for different ¥'s

\

TA._ to choose 8?.5 tnvertible K s

HM /00C /40.40
We want: A=K+E

LM»?E tnvertible approx. to A

&Pooce. wevation
choose x D E=LaU

TT F.S» @Qmef cséiiim

Gauss - Seidel cterokion !

y moll (est) best choice depends
| on A
Some ?iso:m chocees ﬁos K
for the important case when Qi #0 V¢

View A qs:

[

choose : K =(+D, E=U
/

Fe@wo ﬁlpswiss = mpz.c.,_ o.=<@1:._°ﬂ

Relaxation itevation:

choose K=K, 2 L+D
W Jscalor
= E=E, = _..W+e+c
qiving 1 &, = NKSEL I

and ¢& to choose w so ﬁ&nmsé
W = so-called relaxation %D&.o..
W >| : over- relaxation

w<\{ : wnder- velaxation
w=1 : relaxation = Gouss- Sexdel
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Final remarks on ?ﬁ-qogw &Mm...

o For a qiven A , somekimes (€ might nob
be weuﬁ.im ‘o ?& a K so that

IK*E =¥ is less than one.
However, @ suctable K exists wswﬁo%s&f
often for fiixed - point 9£o<c.¢r§m ‘o be
of (nievest.
. *mx@opl _co.“iu &.&n converge to M
f o?f * ux\:t_ono{wu and v<|
1

Tso..P be lnear or no nlinear

o fixed ~pt. sjn.u Simple algs. __TeoD
o qmm.ﬁ.&m Witle m+o3w@

BUT
o fixed-pt. dlgs. poil (almost alwoys)
of ¥ >




