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Optimization and Optimal Control

m:wmg@sw like to do wr?@w well
> oqmasﬁpﬁo:.
rl.JW\IIL

Contents of thes lecture :

o Unconstrained optimization , including
Prwoﬂ?r.sw ..
*s steepest descent
o Q&swsmm gradient |
s Newton , pseudo-Newton

e Solution o*,. nonlinear <mo+bﬁ. moqspwe.o ns
o Generalized mabrix inverses and least -
,mmsP..@% error  solution of dn>x
e Duality and constralned optimization
( convex P:pe,._we,m used )

e Intreduction to intercor- pocnt methods

o JIntroduction to oJ:?S%.&. optimization
-> ewff?r conteol wraovq
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Some notation :

mﬁ%owm :
o statement & => [O— a contradiction
(&9 (p=0)A(p>0))

Conclusion : o4 omust be false

Hence one can prove that O (s true
by w:oaosm

176 =0~ o. contradiction
%P proof by Ss.nam@
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A motvotion for a basic optimization

m<o¢$\3

System or | <Axv

X o—@w..@:. i
U ’
vmmwms s
vector 8@3@5 cost
of parameters or

e cost of %w?,m:
Cowld. be o usual financiod cost
perhops including penalties for
nob meeting speciications , ete.
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A basic opkimization problem

wo%ps@wm.. seckor x € R"
cost function V:R" -»R

minimize V(x)
xe F
N

feasible set = the set of x's

which mpwe,w? the constraints

= eq. the set of allowable
mgPS@wos vectors , bearing
in mind constraints

)

e.q. temperature constraints {or
chemical processes ) size and
strength constraints {or mechanical

enqineering designs , ete.




P FOSCE VAN

e T

LA e oYt Tl

Examples : n=2

unconstroined opt.
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Set of all m_.og» m{nimizevs °
1]

arg min V(x)

constravned opt.

Xer
F=R* FgR
ow.«msg value :
A X
) O 2 min V(x)
@ o xef
A ~_ Existence of an X 2
>y X ‘ m?ms ..:mw{n there not be a q.on. 2
oo=u¢9:w : ?..?_ S {2eR : d<z<€p}
contowrs T;Sm mnma‘" &MNAH&
Rd 4 = ® A Cost value set: <mm %<O&.. xm_uw
3@9:«5 oh. ov?SeNPwS:‘ | <u>
(A1) X =a qlobal minimizer of V on F _ Ve m _b

oS
[ xeF] A [ V() >

V(x), ¥V xeF]
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(*-2) Th. ) 3 gm. if eg. V= m& 1P
) Agm ifeg Vs ?Z
Proof LofGii] : ~| Vg =(,p1]

We will show that :
| a contre-

this stbuakion —
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W

We have

"))

dsome B ——

because V(X)>d

as V(x)eV, = (4,p]

_..» =aqm] = O .&c.oto:

wr@.&?«o : w\ any g.m. because X s

bsmw o name
mo.. Q.?u &.3.

?oom o* #:
~ Suppose [X =a 9.m.7]
)
ﬂ.,» = q m...s.m_ A —..<Q,Lm Ve ]

\7

3

[x=aqm] a3 0eV, with o < V()]

/_F'.A\wmo&sm
VE ={V(x): xe F]

, |
[¥=09m3 A [ 35k uitn viz)-0<va)]
-

—— becoumse X s ?pﬁ.r_a

V% 8._0_ wémw lower V thay
| x does | which noi:doro#
the omwesgrmm oﬁ X

QLD




Bounded sets
(#3) Fc¢ R" called bounded off
d r e[0,00) so that
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Ixh<r ¥xefF
€9. FC R
\ — lTW"LII.

I x¥ = (x| o 1 E )
as x = scalar A —_

bounded

e.q. use r=6
¢4 Fc R

ld

o

bounded
n.@.so@ r=20F

—

\\.lll/
e ~
\
/ Nb\/ \
{ \
)
t * '
.0 .
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T Fack :

¢y FcR ;, V(x)=x, Vx
I
(-e0,~17]

because

F ts hot
bounded
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o g.m. X might

not exist iu F s

rzo.q. bounded

SRR EvAL
— oo i
F th=1
’
V,
A
/ ,
\v =00
r:u Th. (4.2)
because Vp= (£,p]
_\Ts %ﬂ..oo\?nla
¢

ﬁ —o0 has occured here
becouse F (s not

bounded
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“ L Foet: o qm. night net exist Limit points and closed sets
su e —— v . ax—.w )
.M t$ V£ continuous on F, (44)  pe R" is called o Lt. pt. of Fci

trf there exist points @m_ﬂé%w 4

V is continuous at X X .
which are 9}13..&”_ near p

evevy XxXe F

AT AL

v.e. wiu You con w@« as close as you ke
%o p whle rema.ining tn F

0t

&3 F=[-44]cR

V(x)={ % X¥<0
| (x) Mt.x x>0 | (and whde not betng equal to p)
_ A e.q. muﬁxmaf hxll <41 e
\% oll\lc.w x* 12 w< €F Lt. 1.« ..m %. ....s._v z,. N
\ /Thv F ! I1- < K /pv.-o 'js 1
3 BN} Y L
* LR N not closed
Ve = (4,2] F is called closed of ot contains all (ts

Th . (1.2 " Limit poc | | |
@I#/\l: m :\s; | pocnts F={xeR" :fxl<4} s closed

no q.m. because of the ¥* more e%\oa@f (for moth. friends only) :
m&Si?&Jum< h_mﬁu?xﬁgamvo.

3 qeF,with q4p , such that llp~qll <¢

R
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there 35:« not exist o q.mn. X
.Cm F # closed

€9 F=(2,-1] , V(x)=x, V¥x
1
hot closed :
~d =Lt pk.
~L¢F

no q.m.
because Vi has the
form (d;p7 , which
hos happened because
F + closed
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Examples shown :
35:« not be a w.i.» ,..* :
* F # bounded

o F + closed
« V #£ conbinuous

mswwwwww”
ﬂ?mg .-—..'T.. m o @.3.. ” m\*.

e F = closed & bounded
o V = continuwous on F

?,oo* * ‘o0 hard

But
Existence of o g.m. matters as

there is not any hope of using an
a&wolwsi to find a g.mn- if one oloes
not exist ' Also ,thce topte m.@n%@sn
E:mosmm?s&.\:w of whakt optimization
_is abouk.

Assumption :
N — For V & F (n this course : 3 a q.m. x _
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Locoal minimizers

V(x)
[ “ 1 x
= - > l o d
x+ X X F
A
X = the q.m.
»~x+..m = local minumizers

(1.6) Y = a local mintmizex o% VonF

.,+T
[XeF]a <O&W<Amf V {easible x
near X
/4
t.e. X such that
(xeFIa[Ux-Xh<eg]
{or msz.prf small £ >0
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Convexity

‘oo Q, Fwo?t. w«om@l& om SPE,_ <@._u.

A set F is convex uff
every poink seos‘m the lLine A_.o..,:eem
any two _uomi..m o F s Ctself in F

m.w.

non-~convex

convex

>£@E6.e,o chavracterization
(A3) F s convex iff
d X + :-.»5 eF

——

. (%mmo.a”_
4 Xy €F
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; Convex functions ~ Siqnificance of convexity
M 1.8) A ?:oﬁo: V:R" >R is called , Most opt. &.mm. find os.J o local minimizer
convex on a convex set F ,2” ! (L)

v In general : to T:m a g.m.:
: d X+ (1-d < A- .
. L ( E\“_ < w<c&+ﬁ &V<GW ¢ first find all Lms

_ Y Y
, A n 'y , @@3@«.9&«@
Y defo,4] p Y X,y efF | o select the bes SS_VOS..EQ
_ AV AV 9. 4
_ v
m
| F
. b -.\lmlvx xv
X @ X “
@ V = convex on F V % convex on F
50: for V to be convex on F . V must W So, in general
lte below ((t.e. €) the m+<9£r.... line indina @ o.om .
-, ble , BUT
Unterpoloting between V(x)and V(y) - | ¢ 9 @ 9-m. & possible , #
every where between x and Y, and |
| for all xyeF

—




HM /00C/4.19 HM/ 00C /4.20

V LS convex on convex F . /_v
3 a q.m. ?
v
Then: all t.an.s of V on F are also g.m.s. _—
S0 :
For convex V % F: £
we can stop e.._ne.sr.u?u once any L.m.
is found , as ¢t must also be a qm.| controdiets
. . _ . X=alm. this sttuation arises because
?.oﬁm | AF» wrhsapﬁm that P.ew» Lm. X as V (s o convex function o;~
's ac ya3m . F, V Ues below the lLne
Ao:b“_ _,oﬁ n=1, but a@:mﬂo\:umm QP?JV interpolating between
mi“ X =a q-m. V(%) and <C$

fl

X =a Lem. with X+x

(@] : = "
a?s_.a V(x) 2> V(x) x contra.
but ) . / dietion
(#) [V >V(X)] =0

hence V(%)= V(%)

=> |,m.x has the same cost as q.m. X

QED

= X npm.a..woo QED.




