HM/00C /A

Optimization and Optimal Control

m:wmg@sw like to do wr?@w well
> oqmasﬁpﬁo:.
rl.JW\IIL

Contents of thes lecture :

o Unconstrained optimization , including
Prwoﬂ?r.sw ..
*s steepest descent
o Q&swsmm gradient |
s Newton , pseudo-Newton

e Solution o*,. nonlinear <mo+bﬁ. moqspwe.o ns
o Generalized mabrix inverses and least -
,mmsP..@% error  solution of dn>x
e Duality and constralned optimization
( convex P:pe,._we,m used )

e Intreduction to intercor- pocnt methods

o JIntroduction to oJ:?S%.&. optimization
-> ewff?r conteol wraovq

HM /00C /4.2,

Some notation :

mﬁ%owm :
o statement & => [O— a contradiction
(&9 (p=0)A(p>0))

Conclusion : o4 omust be false

Hence one can prove that O (s true
by w:oaosm

176 =0~ o. contradiction
%P proof by Ss.nam@
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A motvotion for a basic optimization

m<o¢$\3

System or | <Axv

X o—@w..@:. i
U ’
vmmwms s
vector 8@3@5 cost
of parameters or

e cost of %w?,m:
Cowld. be o usual financiod cost
perhops including penalties for
nob meeting speciications , ete.

HM /00C /4.4

A basic opkimization problem

wo%ps@wm.. seckor x € R"
cost function V:R" -»R

minimize V(x)
xe F
N

feasible set = the set of x's

which mpwe,w? the constraints

= eq. the set of allowable
mgPS@wos vectors , bearing
in mind constraints

)

e.q. temperature constraints {or
chemical processes ) size and
strength constraints {or mechanical

enqineering designs , ete.
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Examples : n=2

unconstroined opt.

HM /00C /4.5 HM /00C /4.6
Set of all m_.og» m{nimizevs °
1]

arg min V(x)

constravned opt.

Xer
F=R* FgR
ow.«msg value :
A X
) O 2 min V(x)
@ o xef
A ~_ Existence of an X 2
>y X ‘ m?ms ..:mw{n there not be a q.on. 2
oo=u¢9:w : ?..?_ S {2eR : d<z<€p}
contowrs T;Sm mnma‘" &MNAH&
Rd 4 = ® A Cost value set: <mm %<O&.. xm_uw
3@9:«5 oh. ov?SeNPwS:‘ | <u>
(A1) X =a qlobal minimizer of V on F _ Ve m _b

oS
[ xeF] A [ V() >

V(x), ¥V xeF]
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(*-2) Th. ) 3 gm. if eg. V= m& 1P
) Agm ifeg Vs ?Z
Proof LofGii] : ~| Vg =(,p1]

We will show that :
| a contre-

this stbuakion —

HM /00C /4.8

W

We have

"))

dsome B ——

because V(X)>d

as V(x)eV, = (4,p]

_..» =aqm] = O .&c.oto:

wr@.&?«o : w\ any g.m. because X s

bsmw o name
mo.. Q.?u &.3.

?oom o* #:
~ Suppose [X =a 9.m.7]
)
ﬂ.,» = q m...s.m_ A —..<Q,Lm Ve ]

\7

3

[x=aqm] a3 0eV, with o < V()]

/_F'.A\wmo&sm
VE ={V(x): xe F]

, |
[¥=09m3 A [ 35k uitn viz)-0<va)]
-

—— becoumse X s ?pﬁ.r_a

V% 8._0_ wémw lower V thay
| x does | which noi:doro#
the omwesgrmm oﬁ X

QLD




Bounded sets
(#3) Fc¢ R" called bounded off
d r e[0,00) so that

HM/00¢C /1.9

Ixh<r ¥xefF
€9. FC R
\ — lTW"LII.

I x¥ = (x| o 1 E )
as x = scalar A —_

bounded

e.q. use r=6
¢4 Fc R

ld

o

bounded
n.@.so@ r=20F

—

\\.lll/
e ~
\
/ Nb\/ \
{ \
)
t * '
.0 .
\ ’
/ 4
A S -

T Fack :

¢y FcR ;, V(x)=x, Vx
I
(-e0,~17]

because

F ts hot
bounded

HH /00C /4.40

o g.m. X might

not exist iu F s

rzo.q. bounded

SRR EvAL
— oo i
F th=1
’
V,
A
/ ,
\v =00
r:u Th. (4.2)
because Vp= (£,p]
_\Ts %ﬂ..oo\?nla
¢

ﬁ —o0 has occured here
becouse F (s not

bounded
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“ L Foet: o qm. night net exist Limit points and closed sets
su e —— v . ax—.w )
.M t$ V£ continuous on F, (44)  pe R" is called o Lt. pt. of Fci

trf there exist points @m_ﬂé%w 4

V is continuous at X X .
which are 9}13..&”_ near p

evevy XxXe F

AT AL

v.e. wiu You con w@« as close as you ke
%o p whle rema.ining tn F

0t

&3 F=[-44]cR

V(x)={ % X¥<0
| (x) Mt.x x>0 | (and whde not betng equal to p)
_ A e.q. muﬁxmaf hxll <41 e
\% oll\lc.w x* 12 w< €F Lt. 1.« ..m %. ....s._v z,. N
\ /Thv F ! I1- < K /pv.-o 'js 1
3 BN} Y L
* LR N not closed
Ve = (4,2] F is called closed of ot contains all (ts

Th . (1.2 " Limit poc | | |
@I#/\l: m :\s; | pocnts F={xeR" :fxl<4} s closed

no q.m. because of the ¥* more e%\oa@f (for moth. friends only) :
m&Si?&Jum< h_mﬁu?xﬁgamvo.

3 qeF,with q4p , such that llp~qll <¢

R
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there 35:« not exist o q.mn. X
.Cm F # closed

€9 F=(2,-1] , V(x)=x, V¥x
1
hot closed :
~d =Lt pk.
~L¢F

no q.m.
because Vi has the
form (d;p7 , which
hos happened because
F + closed

HM/00C /4.14
Examples shown :
35:« not be a w.i.» ,..* :
* F # bounded

o F + closed
« V #£ conbinuous

mswwwwww”
ﬂ?mg .-—..'T.. m o @.3.. ” m\*.

e F = closed & bounded
o V = continuwous on F

?,oo* * ‘o0 hard

But
Existence of o g.m. matters as

there is not any hope of using an
a&wolwsi to find a g.mn- if one oloes
not exist ' Also ,thce topte m.@n%@sn
E:mosmm?s&.\:w of whakt optimization
_is abouk.

Assumption :
N — For V & F (n this course : 3 a q.m. x _




-
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Locoal minimizers

V(x)
[ “ 1 x
= - > l o d
x+ X X F
A
X = the q.m.
»~x+..m = local minumizers

(1.6) Y = a local mintmizex o% VonF

.,+T
[XeF]a <O&W<Amf V {easible x
near X
/4
t.e. X such that
(xeFIa[Ux-Xh<eg]
{or msz.prf small £ >0

HM /00C /1.1
Convexity

‘oo Q, Fwo?t. w«om@l& om SPE,_ <@._u.

A set F is convex uff
every poink seos‘m the lLine A_.o..,:eem
any two _uomi..m o F s Ctself in F

m.w.

non-~convex

convex

>£@E6.e,o chavracterization
(A3) F s convex iff
d X + :-.»5 eF

——

. (%mmo.a”_
4 Xy €F
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; Convex functions ~ Siqnificance of convexity
M 1.8) A ?:oﬁo: V:R" >R is called , Most opt. &.mm. find os.J o local minimizer
convex on a convex set F ,2” ! (L)

v In general : to T:m a g.m.:
: d X+ (1-d < A- .
. L ( E\“_ < w<c&+ﬁ &V<GW ¢ first find all Lms

_ Y Y
, A n 'y , @@3@«.9&«@
Y defo,4] p Y X,y efF | o select the bes SS_VOS..EQ
_ AV AV 9. 4
_ v
m
| F
. b -.\lmlvx xv
X @ X “
@ V = convex on F V % convex on F
50: for V to be convex on F . V must W So, in general
lte below ((t.e. €) the m+<9£r.... line indina @ o.om .
-, ble , BUT
Unterpoloting between V(x)and V(y) - | ¢ 9 @ 9-m. & possible , #
every where between x and Y, and |
| for all xyeF

—
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V LS convex on convex F . /_v
3 a q.m. ?
v
Then: all t.an.s of V on F are also g.m.s. _—
S0 :
For convex V % F: £
we can stop e.._ne.sr.u?u once any L.m.
is found , as ¢t must also be a qm.| controdiets
. . _ . X=alm. this sttuation arises because
?.oﬁm | AF» wrhsapﬁm that P.ew» Lm. X as V (s o convex function o;~
's ac ya3m . F, V Ues below the lLne
Ao:b“_ _,oﬁ n=1, but a@:mﬂo\:umm QP?JV interpolating between
mi“ X =a q-m. V(%) and <C$

fl

X =a Lem. with X+x

(@] : = "
a?s_.a V(x) 2> V(x) x contra.
but ) . / dietion
(#) [V >V(X)] =0

hence V(%)= V(%)

=> |,m.x has the same cost as q.m. X

QED

= X npm.a..woo QED.
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R4 fooc /2.4
Algorithms for wnconstrained optimizateon on R"
F=R"
Simplex alqorithm
A simplex in R" =

—~ no C(onstraints

set &, n+d m..o«s&.”.#piﬂ
woaawm

eq. tn R : B

— not the same ag
the m&zlax im.
odn Lineor P.ouass..sm

Basic _simplex alg.

o start with wp..__‘:_vsx Q:»_wv

o refleck the point (n the
Simplex (4,2,3) whech has N 3
greatest cost (n the A
centroid of the remaLning pocnts Yo
w??@ ® new simplex (2,3,4)
“neaver" o 0, m.

* repeat for w..%%..@x (2,3,4) ete.

simple (n princcple but needs modcfica-

toons to r}v convergence to o {.m.

HM /ooc /2.2
Sea,rch %.,@o:o: algorithm
A

Xy = Xo +WoS,

* Choose xomﬁs (on estimate .% a g.m. »v

.

s Set ieration inolex j=0

1) [Heration il:

. :.»9& ..\i“o ovacloble qt x.,. , choose a search

direction 5, € RrR"

o Choose a scalar s&. >0 o

<Ax._;_(.a@.mt < V(x{)
¢ Set VI
= x~+£._mm.

j =ittt ond q0 to .C

# choose s 80 V should decrease qs one

moves Peo:m $j »ouay from X;

ut
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Remarks :
very importont J_:.\ of 95. s t can
be &ocﬂoqu& X P%%I.wm a Lok

- _Problems:
cholcr of i, wj
no:o@;n:& chotee of s
The Grodient

R case
Wnder weak conditions <—

see cond.(@)®(b)

on p. 2.4
{ M 1\ L ' [:A) \')
<:me .;m”v; = <:mvv._+ .ww\.—.xu Ix,+ .vwlxp_.xu_ 8x,
= VIx]+[2VI/9% 77 [ 8x
v<_ux..—\wx& Ahxev
./\In\\ /_l\
_ UV[x] 8x

.

v

Wro w«p%@s» of Vatx _
L.

<ﬂx+mxu.ﬂﬂv V[x]+ TV Ix1"8x
for small mL

|
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For R"case:
(3.1) Th  Constder V:R">R when

the p.ds. 8V {z]:
Bxy

(2) all exust _<~ s.t. lz-xl<¢ #
for some €20
(b) ol are continuous at z=x
Then :
V (s called differentioble ot x and,
for small Sx -

V [x+8x] £ V([x] +<<T&.Jux
J‘\

AVx] /3 %4

- v . 8 .

v<hxu\$x:

VVvix] & . R

the msp%@:ﬁ
a* V at x

# le. the p.ds. all exist @<@J§_n3
neoyr L
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Grophical «pm;»a:?io: o.m vv
X2,
X4
dvixl/ax,
Nt

VVLx] —% -V IRTRv(x] /9x,

(2.2) Fact :

Even for the R" case:
TV(x] s orthogonal to the

constant V contour .mrdo:wr X
and points er.“s

D:pﬁﬁr.we,mn on R" :

Quadvatic i. XE€R

Vix)=a +bx + L xcx .
N cR ER * mﬁ_wfwussmwz.n#.

R :o;.s? . >0

# nthe sense that a scalar ¢ can be thought of
as o [x] matrix , which s uass@mﬁ.o

Stondard m..;o.%.p&e.n om xeR":

Vix)=¢ +b'x +4x7C x
nooNon

HM/00oc/2.6

CT=c ® ¢>0

7

|

-

read as :
C (s woﬁ.&?m

.6 xTCx >0, V¥ x40

&

me.:&o % mui metric

Teste for C7=C >0

For sym metvic C:

[c>0] @ [ @>°

ﬁ—_ ﬁ-
“1>0 ;

Ca €22
Cu Gy, Cin
Cat Cy2 Ca3
Ca1 C32Cas

- = e =,

\ Icl >0

>0 ;

J
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Also: ‘ Hence :

[c 70 &= A [c]1>0 , V¢ - (25) Th:  For a standard quadvatic on R"

_ (i) V is differentiable on R"
the elgenvalues of C ; (¢e. V is deferentiable ot x, Vxe R")
since CT=C , all the Q,mps- | ..
values of C are real. | () TVIx]=beCx

Thes soys that for C to be @) VIx+8x3=V{xI+VV(x1"Sx +wa._.OMx
_oommt,cn epmme.:?m yall ks ,

a&?ﬂcgm must be %ﬁ.&a | An optimality condition for qeneval V
posuiiue ) ;

(26) Th } V:R"=R is diferentioble at o

m»uc. Lon. o+< on Eau = m<<C\~vuo._
~ .

1
Cunconstvained | hecessary condction
A
o X =0 n.:s.

By stmple &w@ra :
V{x+8x] = v[x]+ _.r+ox\._4m.x+ Wqunmx (2.4) _

T
| second ovder )

.ﬂ.ﬂ.. V[xT+Tb+cx]3x
g% smoll m.xu

Remark:
So, one way to T.sz a l.m. Cs

_.w #* . cheek b Ay A
Sa@@%m © VVIx] = b+Cx partial ké,o«ms- m solve 4<>ﬁx )=0 for x
tiation ‘ cheek f X =atm.

# because we alse have (from Th.(2.1)) .
V(x+dx) & V(x)+ TV(x)T§x




HM /00C /29 |
mho%m of Th.(26): |
contropositive (.. : ”
T [OVR)=0] = 1[X =a t.m.]

T LW=0T7 = [W(X) 4 0]

> ?< ol nsﬁpﬁosﬁa smoall real W>0
) X +w [-TV(X)] = near X
(i) <;+s~-<<§:

mm )

<Ax T<<C&4mx
VIX)—w | TV < V()

]

ED

# the main point here is that the fact that
V(Xy+TV(X)T8x < V(X)
uso%pioﬁ that
V(%+3x) < V(X) !

_ HM /00C/2.40
Application to minimization of a standard

|oTspo_.<9¢,“o
Solve <<CQ 0
© G: Cm?i
¢+ Ox
Fack : (CT=C >0) = C 'exists
Hemee = | % = — b |
Check, w = t.m. ? :
© s Th. 2.5 Gii) |
VIx)= V(% +[x-%1) =£ |
~
Sx
<3+4§:Mi; 'Cdx
NV
o 0 as C>0
> V(X) , Vxe R"

S0 »nsm.s.o*<o=.ms_ ¢
@) The a_ ¢y

LS A unque
J,FP&st..o V on R" and :
V(x) np-w%n’;

m.3. o*.. 1§
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The steepest -descent &m.

.,

More about the Search Directions Alg.

| A choie for s : | Choose X, € R". Set j=0

i m 4) [ At tevation )]

¢ Assume that V (s ozm@«oi....b\_os on R" | 4 s h lioe |
At Xi _ f.L\\ o.-zaommmPJ nos%r.os
w tn proctice , use for o Lo
IV <107¢ say

k . =TV (x; : .

: VV(x) points . (%) . . \

4 hell points downhll | ¢ Get - 5 3= Idfxﬁ

choose : $; = IQ<C£V ¢ Choose a Scalar w; >0 so

3 /._.l\

. V(x+ws) < V(x

: Steepest - descent | d ,._ 4 (%)

search direction often | w: chosen to

o £ o WS,

‘ as then S won:.f downhill Bw:mew_m:mm <Ax_ +8m._v

so that V shouwld decrease asg “ot least approximately |

we move along ¢; from x; e Set , |

i : - det ' =

= A sy

i | ji=

i * Go ko 4)
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Some vevision of linear algebra :
Consider x,x% ..., x*e R" y
A Wneay combination om these 18 X d¢ X"
L=

_ r_moe._g.m_

1 2
i x
eq. _»x +1 -
Q3 X \\ plane through 0. X', x
-~ [.-A = set o* all Wnear combinations
= {agx'edy X"t 2y, oy € R]
/

the set of vectors d, x'+d, x* that one
qets as d,, o, vary all over the set of

all real numpers
W

4 [« ]
_

the Wnear subspace %p::&
e.u xas x»..

We can say : xw:;xxm R" are :._ag.eu
vhdependent off:

o} gLx1 gL x] g - g LI¥,.. %]

HM /00C /.44
Then we say :
L [x'] has dimenston 1
LLxyx] o ~v= 2

LIx4 ] ~ue 3 ete.

Further . xmv wyx"6 R are ltnearly indep.

e L0, x" 1= R

In mmsaﬁn.e ; .
d _.x\.: ) x*]
m
the Linear w.”‘amwpon mqpssao_ £ x.i:vxx
L
{ wﬁ:xe L e eR Vi) e R
=\

W
the plane ?3;@: ch:;xx c R"
Further : xUox* e R are _‘e.:@sﬂé r.:o_o%.
| rmﬁ,. ,
2 4 x =0 = 4 =0 V¥

L=\
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R
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Sometimes

LLeT= L0 ] 8]

But smc.sf
Lx1g L0x¥]
eq.

Vectors  x,y-€ R" are o..t.omosp_

X

“4f X'y =0
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Netation :

HM /ooc [ 3.4

sd SJ search direction 95.
SD PJ = w*moqa#-%msi odg.

Properties of SD alg,

for m«g dard quadratic < on R"

}ﬂ
V(x)= a+bTx +Wx4nx

, CT=C>0

r::u constder a m:b.m.ssio 1

0ften w?.&a &.woﬁ.}ss behaviour on gquadratics
becawse .
e anolysts eas
e qht be qood
alq. aoe.» ?s myq e qo
| quadrate V > fov general V

-

ﬁPS. bad ?qgﬂv alg. probably
p:E»Bfo " a@:@«&f useless

But ,in practice , for o P:p%?f.o we would not
.erP;& ?\.5% X Fm?@ a s.d. 95 as X=-C"b
for o quadratie

- so ws# solve Cx=-b

HM /00C /3.2
(havacteristic of 5.D. alg. with exact mincmi-
20kion along each S

v <Axo¢

np.: .u.zo

in one Uevation slow descewt

’om Can Nr@ Nsa u_‘<§& |

o_@_gos%:w on Xo

(3.4) Th  For « SD alq. with exact minimiza-

tion &b:w each S
¢ standavd pc.o.%.ﬁao V on _ms

(L) M Uv(ixe) = omw@:,\@o*os o* OH— = ﬂx,u mu—

® e

* e (s an eigenvector of C ff 3 an
wﬂw@:<9r»m A, of C and |

ﬂﬁn?..Hu@uo




e
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(3-1) Th contcnued
f———

(i) ﬁ<<hxou + me.w@5<mc¢o<. of 0\._ > X # m\

V( VY fenite |
xt - BAD
V2] PR R ~
o 1 & : m m.. (4 ._.

Gi) o < [vix)-V(})] mmt [V(xe)- V(X)]

0<d =4~ Anin(C) <A

/; : Amax(C)

) v = v(k)

Smoller o uspwpzmaom ?&ns
00:<P<m@58

? Here Amen (€) Lo the smallest Q.w@%p?n

of C and Ay, (C) is the largest

HM /00C/ 3.4y

Justifccation of (3.1)Th. (i) :

no _2.3* *oﬁln

A (1) X @) here

foro quadratic x=-C b

s0)for Xxy=X =" Q
needed that:

/ER),
x»..xo : 4<mxov v mx %o
1918:&
Vo
= .»zw st TV(x) + A C:-xov =0
0 W :

V(%) + ), (-C'b-x) =0
W : .
TV (xe) = A CT*(Crotb) =0

Y [Ezesy

C UV(xo) = A, VV(xo) =0
e
A<<QL ls an eigenvector ot.‘._

QED

Remark :

In view of the posstbility of the
2(q-209 effect , $D s not o very good alg,

BUT ot s simple, robust
=> can be useful
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=> an improved alg. for optimizing quadvaties
needed
Flest w?&» :

Optimization of o quadratc on a Wnear variety
So, m: Sgpr € R" Tﬁ’w@ﬁ.«éf &mﬂaow...o@
ﬁl.w.w. “ = % HWO»MAV:.VU.Q
. m
ﬂ”_.sm?ﬁ swhspace

Linear varlety @ xo*Lj i= “.xoi“ tye b._.w

V(%)

XO+ Nla
w

> .
% denotes the qlobal

mintmizer om. V on

<P«~@¢u Aot P._.

.::..cq:m
or OWr
‘Mpsmpi

wspo_Bfo

KM [00C/ 3.6
mc.wu@wﬁw .

(32) Th: ¥

,..ﬁ..
C.g wb € xo.+s.._.
@) OV (R)Ts;=0 , Ls0,4,0)]

Tl?oow o:mu au@esﬂﬁd " ;

nos_cb@o dorection 8591“73 _?«

mincmizes V mpowcbg on xoi.._.

ww?:g?ﬁ» m@ﬁso\w.n on R"

och = sd 95 when !

(1 exact minCmization wsed along each s
&) s; are C- oo;._,:@ﬁa , tn that
s{Cs; =0, 04 &)
(3-3) Th.: ﬂoq a CD &..voltszu
| X minimizes V m..ov?f oh o:é
<9§@£ X + Jl y J2he)en
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Proof : mu Th (3.2) we ;.sw« have to show thet:

(4] xje %o+l
(]) WV()Tsp=0 , (=04, ! o

Proot of (o) : (%€ %oty )

Xp=XotWeSo € xo.:.o
Nm hﬁwaunﬁ.o
XN." XA.faama = XO+80mO +8ama mxo.—-ﬁ.—
4
maﬂmow...._nf
Xy = Xpt W8y = KotWeSet g3+ WS, ¢ x4,
—— g

¢ € L[sosq4.521=L,

Xj € Xotliy QED

.ﬂﬂoo* W.m@w A Q<mx~.v4mmho. (=0, :.;&.).v
i

( V()T s =0, i, j-1)

VV(x) = b+Cx

:z\oon\w.w,
UV(x+dx) =b+ C(x+8x)
=b+Cx + Cox

R

(34) | VV(xe 6x) = WV 4 €8x, v x, 8 |

Also if V (s minimized @xpoz.“ along each s
then
Wi = - <<ﬁx34m_. LV
| wﬂ C ¥
(

this s because
Eh = eew 3.”:.,<Ax&_+8m._.v ) (u.
welR
\7
w; gzﬂ solue %..c<axﬁ.+8m.u_8na._.no
: T .
4<?~,+s&.m3.m_. =0 , ¥4

"
mﬂ ﬁr+ n?».*w._.s..; u.o ) Yy
]
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1
T T = :
SEEHEHEES nm,_ i =0 . ¥
” hm 4<Ax¢u
I |
T : T e :
ST UV(x) +sCsju =0, Vi S (34)
So:
(8) VV(X)Tse= VV(%ot eowov So
F TV(Xo) + wo Sy Csq n_u. 0
as w,= -TW(xo)$,
M040w°

We will show next that  because the
S¢ are o-noi_.ﬁw&a , the foet that
YV(% ) so=0

couses that
VV(x) s =0 for au ¢ >1.

HM/00C/ 3.4

(*)

V()T 5o = TV(X) 5o+ WySy C 8y =
Wopws) TP (@
<<AXa.~+EaOMA
VV(xs)'sq = TV(x)'sq + w,57Csq =0
T Jﬂ\..i T )
4<AX3+£P¢PV (o]
I
VV(x2)+0,Cs,
So
4<Ax044mo “<<Adeﬂwo == "..4
mms,.._‘o%f I
= .. |
}

V <A.xu.v4ma
v <Ax.uv4. m.P"

QED

for Th @wv (b)




HM /o0C /3.\
(3.5) noso;o%m For +he CD eJ. :
V(%) 2 V(x,) 2+ 2 V(xa) = V(X)
e - J 4
ag CD (s q sd. 95. \—menm\wﬁpwﬂw@«f

ﬁ>o;8.9=u ) CD might w?@i
<Ax:u V(X) dﬂow j<n
but thes shows that at

most n Cterations ave needed
to achéeve V(X).

<m..£ NICE

,ﬂmqoomo.f as S 5:9:...._ nevey
achleves V(X) exackly,

Proot of Covollary:  ( V(xw= V(%)

3.
Th (3.3) N
Xn minimi2es V ap xo...h?,

|

HM /00C/3.42
But K.ﬁmo\,..uw:cau"_xs

because !

Fact : o-oog.sm&_nm s¢ = lnear tndependence
of all S , (=0)... 4

£

(
for 2‘ :Mf then : Jan 5,50 V¥ (44
. n
and ...M:_Amm.“ =0 mos Some oy s-t. 2 Nl ]|40
= 0=
n
Z 4 Cs =0 - —u-  -n-
=\ 0
T & v .
S| 2 dCsg=0 e s
L=t é
v e¥ = TP “l~ .
L\b mm. nw. ,o n " \(~

d
T C >0 since C>0
\
o:. =0 V| = O-a contvadicton.
o> ¥
S¢ ,1=20)...,n~4 must be Wnearly

independent
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S0 Xo minimizes V on x,+R" = R"
S V(xn)= V(X)
One woy to wosos&um h-oci.s.u?»@ S
(3.6)_The Conjugate -Grodient Atq.

Choose x, € R"
set S =~ VV(xo) , i=o

) Stop if HVVIx<€

Choose wj e ong min V(x;+ws;)
- weRr
mn\.f ~,+_ = Xap + E&.w&.

Bii= LTV (e =TV ] TV (xpn)

€ R
(AZe ]
Sryi= =V V(X Y+ Bisy S;
i+ i+ P: )
ji= it —~
Go to 4) this feum makes C&

&m@&i from SD

HM /00C /3.4
(3.1 .‘—..,luﬂ For CG 95 and oqghs?r.o V:

(L) the Soy Sy u@:a«p&@& g*o«m ot stops

)

are C- ooJ,F@ ate

not proved heve
bub easy Yo check eq. for Soands:
2 WeCso
) *
By = [TV(x) = Tvxe) T TV(xe)
I IV (xo)H2
t\H__..nsgn.
/;\ .
S0 €Sy = ~sg CUV(x4)+ Wo 5,C $TC TV(x4) So
| el Usel
_ __wo__.r _ V(x0)'Se \
“ mom hwo | MO.—. nwo //o

R
i) CGolg. = a CD alg.
“ (Th 3.3)
wrm_”.“d X{ minimizes V on Xo+ L LSo,+) 511
for each X ?F.:w before Ct stops
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{

P....<~ CG Q‘J. w.mo—un 9m+@ﬁ k <n vevations

with X, = X ()

Comparison of C& and SD :

Aw.wv \\_.....w u:. woﬂ a m;bm%?.?.o <\ SD and CGk
T start ot the same o :

Ce s n hence CG hag
L = o theorettcal
Arv either \xﬂ x P@<P:.«Pwm er me.

C& SO N
V(xj) <VIix;) | vyl
\ |
CG S1

or

Remavk : What Espf happens (s wo.sotasw

Wke:
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Newton's method
For wF.&Prf o—mmpqmsin_m V:

V(x;+8x) = V(x)+ TV(x)T8x

'R VX)) §
+ M M X

o oo OXpAX

p=1q=1 P94,

= VX)) + VV(G)Tx + 46TV, (%) 8x

S

wheve
() Vix(x)e R™"

8

.. A dV(x)
CS _”<xxﬁx; ?@ .b v xmmwxxé

(ur) <xxcc Lo mu:..:@f.e.o sthece

= Vi) - D VIx)
ﬁ<xxnxu.._?é vxw&xé vx.v.wx_u

eq. V:R'=> R then

= T\xxﬁxm_@.w

CV(x)  V(X) ]
Vyx(x) = o0xdx4  Ix,Oxq
Fvix) Z PV
svv:.av: DX 90Xy,

(4.2)

HM/00C /4.2

So:
V8 £V () + WOgTax+ 5 BV e (40)

ﬂwo« small {|d x|

For owr standard @qspo_so*% on R"
V(% £8x)= V(x{) + TV(x])T8x + £ §x7C dx
for alt éx € R"
> Vix (X;)=C >0 , ¥ x;

How to w@w search directions from such
quadvatic approximations of V ?

Consider a wzm{nc.,_ more wos@xﬁ w:p%&&.&
923139*83 .
Vix)=V(x;+ T-x_,c

8x |
__mr<5.T<<3Ex+w.r:u;,.;xm,\._._.g

with vﬁx%._.u Plx;) : /
_ m,_ng%:m *o«u
value at x om expansion about x; with second

order contuibution 4 §xTP(x|)dx




. - HM /00C /4.3
(44) Th  Consider

V()= Vi) + WOV (x-x;)
+ 4 (x -x_...._. P(x;)( x=x;)
where be )= EJ.V

Then: min <~.mvﬁxv
xeR"
(T) existe and occurs F?.&S@I ak

o5 Xj = Ixt;qﬁxt tf Plx;)>0
(L) exvsts and oceurs sos-c.:om:of ot :

.m.. = x.. - wmxh V+ <<Ca )

».ﬂsm so called .;mc.o_o,?éam
of vcﬁ ; to be defined later

of P(xj)20 and <<mx~2 € ,.w\_uzx._.m
| _

e xT P(x)x 20

ranqe of dvoa.v
forall xe R™ N

Tmzs : _Xx.:uux.um _z@

ie. ﬁTth”_wPS“

e

HM \30}.:
(B) does not exist oany A [P&Y]<0

eq. to see (x):
Peoy . ArY L\ =
4<.w C% = 4<_C€ + v?Z?ﬂxL ﬂo
_ necessary condition
for a L.m. of <A_.1

=> m._. X = nfxbiaix._.v

to see W:
Su.ppose t+hen that eq. vaxtAo

= ang X s.t. Q<~.2muno

18 a maximizer (NOT & minimizev)
P o

o* <A, since ,
ma.x <%Cc = = min [~V (x)]

Xeph ‘ xeR" A
| mintmizer exists
and s given by (T)
X sinee ~ ,_\...v vnvolveg
~P(x;) >0
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Hence wminimization i. <.._v (s 231@3 when

P(x;)>0 ahd 2%.;.2,54._ < henceforth always

assumed
For um;axee Vi :

V(x)Z <h_vos when x = x|
and we :ﬂ.mr\* have

I

V co .&E&

<‘_..v contours _

wsﬁonwm use §. =

d

xA_ lx._. T
/I@as. mcq. <A_d

Note: Better approximation VP ¢4 v

~ A
QV xA_. neaver x

= s i better ‘ because it pocnts
:Sqoﬂ‘wo»

— e——— — —

HM/o0C/ 4.6
(4.6 K $; is called a descent - direction ;”..
<Axh+8w.mv < <C£.v
for some w>0 5§
VV(x)'s;<0 VV(x;)
D 9p Pogy>0 and Tvig#o
and S 2 m“_...x,_.
Then !

@ sj= =PV TVx) «] see Th (44)1)]

]

@ s

a. descent dcrection
2 ‘

B to see thus:

V VO )Ts: = —WVx)TP(x:Y ' 9V(xi) < 0
R i i YV |
beeause P(x;)>0 => P)>0

forall xj  (g)

# as then TV(x) and s ore at an obtuse
angle 1o each other
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Proo} of (#):

call .»w.u 1.Aﬁxﬁx = x »zx._.z .<x

,u.q Rx.,.vm.f.v P(x;)y
=1

= uam?..; >0 ‘<u+o

= x:u-?..; =

\2
X" F(x)x >0 ,¥ x40

as x.uo AuvL,n.\&

Hence we consider:

The P-algorcthm = the sd. &‘mo:&rs
\ ) with the above ¢, ¥y

#&W@s& P's &WS de mw.\o:.n ﬁaolwriu

Some choices for P(x;)

nmm:bsm«:@s‘dw : 1?& )7 = 1?2 >0, <xa_.

V(x)= <b.voa

mana. as possible |

T TR e T . IR 4

/_v zz\oon}.m

© ¥ Vex(x)>0 ) Vi
choose _Xx._.vnsc, (x;) ¥
S 5= = Ve )T ov(xg)

A
Newton s.d. %

qmmﬁtsw P-alg. called Newton &u.

@D I V)0
choose vQZ =a 132“2@ %?E‘.wm
o.«wsoxg??.os to Vix (%)

\'% |
modi {ied Newton algorithm

v
Choosing a posttive definite approxcmation

.—u& <xxnx:4“ A_\

# AS thew PT=pP >0 and <A_._vc: (s a moi

93323923 to V(x) when | X-X; I e smad

—$0 the Zmﬁ.ésoiw (%).on P are satisfied
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Put <xxﬁxﬁt (n wwmo.ﬁah mo.,iu

<xxAx‘_.g = M »A, 0 Z.ﬂ

@ Lo

/ |
ﬁo..wsowoso» matrix ((ndicated v.u 1)

meoning that MTM = MMT =T

(the columns of M ave normalized
F!Q.mg,\.i.oa of v)

Facts: () Vi PO off ony A; €0
@ P>0 (fall A [P]>0

é .
Obtain o pos. def. approximation P to Vix
by setting

He. = A of A;>0
A, S£>0 of A <0
- 1om.m@m.
A O MT < because
0o Ms eh—.&\i_m
\/m Z0

| HM /00C /4. 40
Remarks on Newton and so%.?.@g.\zgwos &umm.

(® For our standard quadvobic,

. A
Newton qives x,=x , ¥V xo Al.a

@ Many :85 functions
V look ltke a m‘:pmsp-
+i¢ near a L. m.

tence Newton of ten

qives fast convergence {a €m.x

A . A
to a L.m. X once (t w%w near x

@ wEu n=20 . >:o§.=m ?s n_“ss@*&
Vxx 'nvolves 240 %Qosas« q.o,u. RtV
| &xwvxe
= You hove +o find Q40 &m,@swa«
*oisssn
~ too much Wke hard wotk

= wethods using Vxx not o?@s.
w«poﬁope *..2. w..w problems

é\ “Bad

Secant gwois;» cnvented -
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Secant Alqorithms

T 1n these estimate Vx cﬁk.

?o_s o:ps%m i IV and x observed
as the sd. akgorithm vtevates

secant o»wo:x.r;m also known as
| m‘c.o.ﬁ.‘ Newton gwos&”sim

Development of Secant Alg.

Consider the standovd quadvatic on R"
when :

¢ V &% YV computable, somehow , Vx

o C unknown (but €CT=C>0)
|

nol.mwwoso:j to an unknown Vyx
as Vi, (X)=¢ , Vx *o« m:ao_ai.o ')

HM/ooc /4

Estimation of Vi (x)™' = estimation of C~*

For mss&B&_‘.o V:

>

P ——

gcven cbseyved |
pavrs (Ax,Aq)
Shall use

to estimate C

VV(ix+Ax) = VV(x)+ C Ax ) <,>x

CAx = UV (x+4x) =TV £ Aqg
Y
Ax = o-.bm (4.41)

|

note that Ax no-.bw ?1 one pair
(8x,Aq) does not specify every entry
of ' — n isoo...r._ (nclependent pairs
(8x(,49;) are o.owspf needed for that

é see next

A%
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At itevation )y of the s.d. 95; WE KNOW ;

Past chanqes Ax; . caused changes Ag;
[ al 4|

Lty v

{

We know ¢~ m&?.%m@w..

Xiw =X VV(%i4) - TV(x;)

=1 . .
Dx.uun.\ bmﬁ ) L=0,4,. -1

®

mc.wqx;m we 35.3,@ _.:. € %sxs. so that :
Ax; =

with (¢t )T=¢*'>0

5 4q; , ¥ C=04,...,j1
wtith Iw._.n ih >0

Secont condikion

Then i 74:\ the wnknown €

in some sense
becamse Hy satcsfies
properties & of ¢~

LT

HM/00C/4.14
Since H; £
Hence use: wh. = !Ih 4<Ax~.v iy 10.._ <<Ax~. )
R 0 J
T T .
pseudo- Newton, Newton search div.
seaveh dcirection (%)
- would am&.op
Xig) = X
=X A#v
-but unusable as
_ln whknown

After oqwaimngu &o:w S prﬂ.,oxe.ao&}qw
we will have the extwa information that

caused by the w«p%mi change
3.. = 4<Ax~.+; - VVix;)
and we tan build thes new tnformation tnto
Pgwo*ost.. better estimate 1A_.+_ of ¢!
than H

(#) becouse on<xx‘ for our mspasst.o
) for owr quadrate V
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Q_.:: _Secant >Jo.,$r§ - There exist many ways ?._,‘ orgme.;m suttable
. Choose (i) x, & R" Hi . Most fomous Us:
(&) symmebric , pos. def. “._o eR"™" The Davidon-Fletcher - Powell Alg. (DFP)
estimate of unknown ' : = the Secant >£. when !
smo, Ho=T (f no belter quess exact o_ir wsed along each Sy
st ....9<8(P9_o$ ! H{ chosen Fw.“s,m”
1) —.»w e._ﬁwgfo: A_”_ N wn@smo —— - Iﬁ.uI + DM AD.” . _.:b.m_.,_. Ai_.r[bm._ )*
v Set s i= tz vV(x;) < der Ly ( xs.e Abw_ ;wz I._. bm._
o Choose W' 20 so | :
e .,+8 1)< V) ~ If approximate minimization uged along
d | each S ) we have to use other update
Jrinef wy oromws to minemize thes b schemes ?1 T.:o:sm _.;.i .?,oi _._A_.~ b_x._,.bm“.
o Set Xig 1= X; +a‘_ s m.w.;m.?s@g.o Rank
o Stop (f __4<C:.+_:_Am = small | | ~BFGS ——] probakly
* AXjE A= Bgii=m WK, ) = TV x)) : \ ~ Broyden the best

* Choose Jss pos.def. Hiv € R"™"s
Hiey = C' - (3133@_
..HM._L ) Go to Av

Ref : R. Fletcher : "Practical Methods
w ?m ow.ﬂ.smna.ios...\
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Properties of Secant Algs. for quadratics

(4.44) Th  Consider

Secant »5. :.2...5 exact minimization

Ppo:w each s ._.

o standard m.:pm.ﬁ?.wao V
Then !
@ the S mmswa&& are o..nozﬁ_.smn&m

=>| Secant Alg. = a CD.Alg. ~ NICE

%X achieved aftev ot most
n ttevations

@ # oll n c(tevations needed to Tsm X
then Is = Dl.
.
the estimate _.;. oan o

'S @ésgpf exact

HM /00C/4.48
(4.45) Th. For

e many Secant Eww. :mmsa exaet mini-
!

mization pﬁosm each 5]
QSQ _.._c =T

e standard _mspmgﬂ.o V.

¥ x, =
_

Xo
_
’ maoP.iU A _
+then

xh. _ b .*oﬂ_&» b.w_

hso_\c.&:m drp

Question :

Usually Ho =T so Secant & C.G. 4..@?.\
for msp%?t.ﬁ ) the same X; 's
BuT:

Secamt = more complex alg, than CG.
So: what s the use o* Secant algs ?
>:m wer !

Secant tends to be beker than CG on
non- m.spmx9¢...o V, when algs. 92.2&
properly do such V-




HM fooc/5.4 HM /00c/ 5.2,
>1w_59¢.o; o* Algs. %rms& for quadratics For a mozmsg function V:
%o u@s@g_. nonlineay V

- S_wawm..r..m to wsp.ﬁs»@a tonvergence

Even for zpm*f%mm«gtﬁia,<.. of Xx; to a L an.
sd. algs. quve _UT
VIxiu) =V() o X #a tn § ~ convergence to o L.m. X Us encouraged
! ! i by usi -
Y using f :
Makes one think that #
gi&»w J —> [a t.m. x”_ . @ s., = w mE,ﬂ.c._ ao..l approximation to
i®° w; which minimizes V oxpo?“_
e D\PQS@ wh.
, Y20 ® on 8 mp\f.u?%w an angle condition
| with vespect to VV(x), le
R o cone -condition ¥ |
Xj =>4 #x
even .wro.tmr

Vixp) < V), ¥

# because the cost decreases at cach cteration -
whenevey X * X
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HM \.ooo\.w.,_
@ Determination of suctable W] A .Q,»._:..osp sttuation with =@ descent direckion
e For standard msp%.ge.o V: -a meo&‘ plot of <Q@.+£n‘_.v V.8, W
A \
Wii= ang min =<?._.+aw3
WER
N7 ATe.
= = [VVe)s;] : izw<:..Tws.ﬁ<§£
s$iTCs, | neqative Qc ]
T | m m% S [ the original slope
® For wmore w@sm\_\p» vV _ sMsM.a.m _ / :
N& nice formula for D,,. sise
descent
One practical way Yo estimate o direction . ,
) d V(X +ws;)
(s the Armijo Alg. L
ﬂ...i%ﬁ 50#@ W:P&. 0 t t M 1 _P.vb. T 1 SV
¥ —_— Y ——>
the slope of V(x; twsj) at w=0 | Sl ﬁ" =¥
W . ' !
ml <Ax~.+ Smh.v = 4<Ax~.+8wbv.ﬂ m._. —
dw lw=0 lw=0 Avrmijo Alg. for approximo.ting
A
- TV | g o oy vear Ty
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Armijo Alg.
@ Find a w on rqht &lm._.l

Choose ¥ > (¢) Amm T=4.5).

Conscder = yP.
Jncrease p from 0 in unit steps untcl
V(xj+¥Ps) > V(¥P)
for the frest tome,
Then : ._vl._ <P
® Fund o w on left of m..__; near ﬂ.
Choose J e (0,1) e, ?na.w (&)

Conscder = \ﬁé yP
Inevease 9, ?83 0 in unct mﬁawm until ...

[p=3 in 2832& |

(g) choose ¥ teasonably biq so that one finds
a pownt on the rqht of ﬂ. for a small P
c.e. using Whtle work

(&) choose ju reasonably near 4, so Wy s
approximated qmpnospwf Pnos;wﬁq.

HM \ooo\.m.m
agqoe Skz.—um.e
vix;+pYrfs ) < v (ptyP)
for the T«ww time ﬂ@np (n @331&
© set w; = pYef

Q The cone condction

Not 585 to w@& o _:.u cost decrease
Sposw thes w._. rosn&

constant V contour

this (s because s passes too near

the contour (the tanqent to the contour)
w:ésmr X/

L.e. because Py =+too near 90°




Iz\ooo\m..ﬂ |
So: use a qiven S %m

Sj € cone om acceptable search %.a&osm

.e.
S| € 5. ,,m
Av._. <0 <9°
$#

Test *aﬁ wg.m X._. 3

S © eseps s W]
% Us;ll | 7 vl

Lot oow&. > cos 0

e.I. :

8 [-Tv(x)] W_E. I IV Vx;l cos®
easy to fest

Hence S; € xA_.

# which eliminates search divections passing
too near the contour through x; but not
F:oesf vestrictive

HM \ooo\, 5.
Action:

I} on 9501;3 finds an mﬂwﬁ.

= reset S; to l<<?€ mxﬁ.
_ .

> J,mx,_. ; ¥§ — encouraging X; > .:3.2

CG. for non-quadratic V
» C.G %.2.@:& for standard w:&?f.om

- ?s which X = ~¢™'b
W |
e C.G, not cwcpf used for wspmgfdw
BUT
s C.G. o?@s works well ﬂos mosca v
when 92:2_ Ssr,rs

see next

8

+ m<ms¢§f this hope will rm..,wsr.wmc_

because functrons V usually look
leke m:p%?ﬁﬁ near a local minimizer
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START C. & o)
C.G. stops at X Xy €
..m <<_Cm.u»o X,
Jf V acting like o quad- X2
ratie ! D \
VV(x)=0 for some
jsn <funlkely for| ;
| €n .* .
“:ﬁ TV(xs)#0, < — Xy
dewde that <.&,& hot act /_\
Like o mspmspto AN
RESTART CG-.
with
hew Xo= Current x,,
|

AND HoOPE # V will act
Llke oq:p.@x?t,o this dime

HM /ooC /5.0
Also: ot each |,
IF S ﬁx‘_.

THEN : rvestart with new x, = cyprent X

For a a,__@smw&. V o
mspo_ssf.o .I_mo?& NEVER mxo.obnf valcd

\'Z

no need 4o use exact mincmization

9::5 ea.ch §; - which s 3»..5&
rm_ CG. 95. moﬂ msamginm
N2

Wse Armijo to P_v?oxm_s?wm ,w._.

¥ becowse then the search direction used
's the steepest descent search direction
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lUse of Secant Mg, with _bm;w:; V. @ Discard Hyy, as it has been Ss_xi.&
using an F_uo_n*a formula o_mm_.as&

for ws&?i@ yond we have just

START gm.wr Io"H» X o€

v po.tsm r.x,a c” m_.spmsp\to.. M1, % decided that V/ has not been potsw
Valgl=c, ¥, Hai xa lke o quadvatic
\'% ‘ m.
Hn = ¢ ) Remark : Bosic tdeas (nvolved in P%%Jn:m
n_os%&.,& using update : o Algs. designed for quadratees to
formula o.mme.usmm for . L qeneval V
wadvotic V @ | ¢ ; | ,
/__\x?; showld = X O] approximate wj Wsing Armijo Alg.
X : ; — _ )
\ri: m % => for Secant Alg. use
1§ TV (xp4y )#o0, , | Hj me&”m .worm.sm ,\,&E for |
assume Lt (s because V approx. minimization along S|
has pot so ,T:gms actig g (D) restart (so as to use S.D. search din)
lkke o m:p%?io -> RESTART |
: whenevey @
with H =1 «\J *
hew Xg < t | _ ¢ alq. performance suqqests V has
o Yo = curren xsi‘lﬁ hot heen pog& lke a msp&d&.n
Also: (f S ¢ K then RESTART |
with He=T | * S ¢ K
—

new Xo = turrent Xpig
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Remoark :  Performance of algs - for
qeneval V

sosm{a :
¢ CG bekter than SD
(as it 's much beler on wsg%ﬁ.&&

¢ Secant alqs. belter than C&
(as they approximate Newton )

¢ Newton 4woom wn .mr@o..m but
‘m p ractical :

(as *?or_sw Vixx e.s_:ﬁo?.ose )

. mm..mooo:& tonverge *pﬁ. to L.m. X
once ¢.£ wo& near x

as ﬁs?:& V looks Wke q

A

ws& ratic near X

HM /00C /5. 14
Remarks on calewlating TV (x)

Sometimes V ($ so oosw:op»& that ?.s%:m
?2:55@ *os the T_&Toé_? 1.&. s too
much Lke hord wotk

= Yow may estimate each V(x)
DX
using o ,P,E.mm %.mgpsom method

eq. 2 ([ v([-v{[])

X4
h

where h s chosen

¢ smoall @:oSmr —[so that a qood 923%-
mation to the p.d. ts
obtaitned

® T.w_ n.:o,»mr ~1 So that numerdeal lﬁ

hotse does not give
E.u errors

oro,.om_o* h s problem- dependent




HM /00C/5.15
(5.4) A sufficient condition for unconstrained
local 8?3%&“-

V(x) ~
Th (2.6) says: I —

~

X %
0

ﬁmu a tocal Se.;\xaL = ﬁaimv.ﬂ

4 necessony condition ﬂow
local oq.._u.ssrhg

‘ Mwﬁo:um....: zesult (s -

(5.2) Th
| VV(x)=o0 X (s a local
and = minimizer o% \Y;
, Vex(X)>0

—

a msﬁmﬁp:ﬂ conolition
?< local owtsﬁhf

I I e R e

HM /00C /5.1
299&5:?&@8:

For x near x

Uvix) = OVv(X) + <,<C$._.Axumv +
0
L (x=%)T Vi (X)) (x-%)
Z <?..C\ ¥V X near ¥

(.e. V(x)»V(x),V x near X

> ¥ =a local minimizer of VonR"

mxn.iwpa RV —..~N|Va~
V(x)= 400 ( x»...x.pvp\.. (4- x&s
z...u{u quess
- mnﬁ _ v s o local minimizer
\

Calew\oke ¢

Jo &7
, vV(x)=

AV(X)/3x%4
dV(X)/3xy,




HM j00¢/ 513 |

wma = ~400 (x,-x!)x, ~2(4-x) 20 @ X |

IV (x) = 200 (x,-x!) =0 @ X VW(X)=0
dX2,

To check if X = a loc. minimizer evaluate Vi, (X):

2
3*V(x) =-400x, + 1200 x.o.+& =802 DX
vx;wx‘

PVl L FVO) | _yo0x, = ~400 D X
DX, 9%y, %y Dxy

V(X)) - 200. |
@XPP . m
So . <xxﬁm.~n 802 -Yoo >0

-400 200 &

since  det (802) =862 >0

-400 200

~

X ts a local minimizer o« vV
on R"
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Rewiston of norms % ol"remo:&. matrices

For xe R"

I xll = o measure of the * tength of x"

many defimitions posscble - all no\inm_?a :

(6.1) Norm qxioms — chosen so x|

" behaves like length
vV x,2eR", ¥V aeR:

Axtom T : Wxll>o0
Axiom I+ [lixii=0] <> [ x=0]
Axiom W:  fdxi =lol-Ix
Axtom W: D x+zll € x|+ lz|
A
called

+2,9:um

msnmssr.f

-based on

HM /00C /6.2

Mxp.siow of norms on R"

n
1o0xly & 5 1x]

L=

2. =x=~. 2
horm

n %
(3" a2)"
v=y

£ :nr,%psfﬂ

3 Wxlleo = max {ixa), lxal, ., Ixn1]

- W T W e e W TR e e e e W E e e e -

Im thos leeture &Epf '

WO.. 2 n 2 )
hx)" = M X =Xyt xm
L=
)4 Xn
= |xll = (xTx)?
Orthogqonol wvectors :
Jn R <
0 X Lz
X

IJn R" ~ _Vo;rowosn» F

- e e = e

= x| = =x=~.

X
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€2 (x 1z] e [ hxezll =l x-z0]

ra mmﬁ.
@MPQ&@:&J :
€3) [x12] & ﬁxaw now
_v.,._ a_@*.

S
why this defintion 7 ~

because Lt (s a ke _.28 ert &,
o«kre@o:&af tn _W». PP

HM /00C/ 6.4
Equivalence of (6.2) % (6.3) :
o ¥
Wx+zll = Jx-zl| < (e.2)
)
Ix+zl1? = fx-2|?
\

(x+2) (x+2) = (x~2)7 (x-2)
h I

4
XTx +2"x + X242z = xTx-2Tx ~xTz 422
r “r
xTz xTz
2xTz = -2x"2
()

Ty = « (6.3).
X'z=0 (63). qeo.

(6-4) Defenctions

@ xe R" is called normalized cf xi=1
@ x,2€R" are called orthonormall iff:

(a) X412z A \,\x
() Mxu=lzl=4 \_/ ,




HM 700C /65 | HM /00C/ 6.6
Couchy - Schw L L
@ 'Kk VXx ¢ R" ave called orthonormal The  touchy arfz inequa 2&

i S For x4y eR":
Lxd Voo (L4
&) RRTINIL @ 1xyl < Uxl 1yl

() Wxth=1, v | .,
| a»spﬁ& o=£ when x %y

e.q. . 3 A,
1 the standard basis vectors for R”: | point (n the same direction
- 0 ! ‘
@..,AMV ) mrn?v ) mwnﬁwv
° ° 1 E = xTy < lxll, Iyl
Ovthogonal matrices (6.5) Proof :
° D Obvious f x=y4=0 ,s0, say x#y.
very .,.Swoqus.o for A s 2 .
numerveal &wol?é Hintmize x+o£__ with wamwo& to LER.
Since ) xi,i_pn Ax+»ﬁ:x+£v

P e R™" s called orthoqonal Cff: _

. = x4 22 xTy iy
(ts columns are orthonormal . I 1 u__

the Bmsms..w.?w & \s !

Some propertres of L P . (6.6) o )

Ae PTP = ppT= = pT.p <= ~Xy . and then

) ___ux__,mx... 0 xdl “ __x+wu=pn x4 (e Y < S0 ks
» YR 20

because | Px|*= (Px)TPx = x" PTP
" X St aatagh®

= XTx= I o bglsUxiigl e

T




] HM /00C/ 6.7
Atnear least- squared error problems :
A?ssss‘ios + background ?90:;@ wov

Noore ~ Penrose w”osaon thverse

Consider - €RM" |
= Ax
output viewed as q transfer

?so.f,os o* some
sos-o_m_:ns‘.mo wu_ﬁ.a.s

.> oo:fB.. Wso_o_o:,... _‘
Given a descred o&nw&w Yq erR" _
what makes Ax = ,

T

_!pw near as posstble

J§ 4 A~ = .,mms?am X u>-.uo_
%
[ Ax =441

, exactly | | |

But whot of A # Square ? (= when M >Lv.~

HM/00C/¢.¢
In mo:««&.”
suttable x can be jound J soluing ;
min Jlag = Axll
x€eR" E destance of Ax
| from yq
An obvious approach :
mnll -l &> min |l .:__a

! take Vix) = | yq - Axll®

T.Iu».“v._.ﬁf_ -~Ax)

= V(x) = _.ug__»+ A«~>4fv._.» +wxﬂ?>4>.._x

~ (lw)( b
a C
But does CT=c 7
S CT= (LATAY = 2AT(AT)"= C

[yes)]

.—@ BY = %\; A




HM /00C/6.9
s C>0 7 /o0¢/
xaoxnu@;xuu;ip >0,V x#0
..\i“..
(AxT' A x ¥0, Vx#o0

2 cy0 U} Ax40,V x+0

So, suppose Ax+0, ¥ x40
Then <ocu__§|>x=@

i
a tose of our standard wE&B\Io

> x=-Cb= (ATAY ATy
_’\ /

looks nvce _us*..:.N

Diffeulby 4 : not always true that
Ax$£0 ¥ x40

Diffeentty 2 evaluating ATA very w::n_otz@

to errors caused ca ?.E;nm 4.32.:2, Ss_ac.tzu.

= a belter minimizotion method it descrable
— based on o}:owosﬁ, matrices.

¢

HM /00C /6.10
A qeo metrical (nterpretation

Set of ol possible owtputs = w>x : xe R"}
.._x._”.yu_ c R™
T:m ranqe om >~

1}

eneval case
not squore

Computation of Ax

n
we Kkwow : A>x: =) Aoy Xy
K=1

Also °

column Tsiﬁ? row TssﬁpP

Ax = M<.h Qe e ¥x AX = | G1xX
k=l ;
l I Lomex
_”9»*:.49#5.._ 9.;* <« row 1 o*>
column Hof» 9“3*
So:
RLAY={Ax:xeRr"}

M M.. Ay X t Xc € =-<_&

K=\
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-"V
R[A]= set of all Wnear combinations

om Qx4 ,..)Qxn

#r@ lenear spoce

= L lage, - ,a5n] spanred by the
| oofs.ﬁiom.;

_umo&J would ke an x&R" to exist such
khot Yd = Ax which happens ift
Y4 = & possible system owtput , le. iff
Yy € K [AT - setof all possible outputs

,; then

men Uy, -Axgt =0
xeR" d

Example: (m=3,n=2)
d[Q4,%%27 = R[A]

‘orio:m &@oi@mlnpf
that 4, - AX
s L to R[AT e
LS L Yo any vector
tn R[AT.

HM /00C /6.12

>o¢cbf .*2. o Knear mFrmwpoo Wke the
range of A, the sek of all vechrs uwhich
are orthogonal +to every vector in R (A]
s called the ovthogonal complement
of the range of A .M@:o?g LR (A]

muse_oor.oaf :

LR(A]={zeR": 2y=0, ¥y e R[A]]
Hence the T&w that

(Y4 -AX) £ RLA]

tan be @xw«@mmam more :mo&f rmu

(Yya-A%) e “R[A]
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1 Algebrag proof that .

; A . . 2 n
4 X minimizes =>t|>x= on R

| U (ga-A) L RIAT (ench gueR(AD)
=f->x=su__ﬁ..i»:-»;p

: = 1 (yg-AR) - A(x-3O0
| = Ny ARIE - 2 (4-ARTAG-R) + IAGERI

“TeRr" T3
1 70
- —e R{A]

=0

> lyg- AP , YXxeR"

% => x s a global minimizer (f
(Y4- AX) L R(A]. QED

iR T el

e
Loanied
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AT = the pseudo - (nverse of A

called the Moore- Penrose a@:@sntﬂg_
nverse

Firsk (ntroduce notation:
Partitioned vectors :

(¥ \ 1,
9 | [
Yre -

o

—
—

e
{
Ll ec?

it =2 g2 2 g = 0t

el L= v

Partitioned matrices / vectors :

- - w - o =

Devivation oh.. At

uo..@of : choose X So >x_nw_m

HM/00C /3.2

possible (f mye R{A]
??3?3 % fﬂ,m;u

msﬁ ests ;

choose X to wmin || Yd ~Axll

®

P ———— et ey

um ukmzpﬁ*/..— : . Y4 * Ax
MA%
=f|>»=no
It 44 ¢ RIAT:
1y - AX) _v.o
but as w_so& as

wom.:, ble

R[A]




-

HM /00C/ 3.3

| HM fooC /3.4
Com putation of an X avded wu“ _ Minimize |lyy - Axy?
xe R"
(1) Th For 0 FfAe R™", 31+ P, 1Q .
T W yy - Axi®
S :
’ »32. m 0 ¢ x(n-r B Q... = a__u.__n = mv.qNg». as PisL N
=P | F-"""" ST o
> A O(m-vr)xr “ 0 (m-r) x(n-v) Ty Eal>x.;v
. I
whevre ! »32 6 R™*" (s Cnverbible oTA O ar
Mu € mﬂ§ Xm s ﬁ o 0_
Ge o - (R
and O pxq denotes an mxn matrix - ° A 1 Qx just denotes
uWM of 2evos _ Y4 [&7x | < the top powt o
i it ks P POt of
STt TTTTT W | QT x the partitioned
Also minimiztng Jlyy - Axl vector QT | eke
~ ) .
awse{&bi to = = m‘a_ - »oJ Qfam. __P
_smf,ie,ne.sw =f;>x=p MQ ) o. QT
- o A "~V 1
This ¢s the qeneral cose: one mighk aom:ohu = __ 44 — A (6%x) I
o rAar P[A o]d or A=PAQ R =
=pl A or A= 9] or A= o A ~ 2 _ -
A=p|§ |a%,or ) = N a-A @GN + Nggh® > 15,1, Vx
m@..os&csm on A,

Y4 I© whenever m\s = A 8..,/4“&




-

HM/00C/ 7.5

= || m.;v

Hence
min lyq - Ax|?
xeR"

9_&3% __m_o_..>x__pnmxm=~._.. m\mn»a/ﬂz
xER"
mem%.s..ADi L.ﬂ_w

uﬂxmzs..mwaxu »
\ u
BT

| ‘amamt

Ay~
= ' n-vr
MQA\,N?& : z€eR M
7
ﬁsr..of @po_o&. minimczer 13 best ?
The apo_on» minimizers depend on z
Reasonable to use the wﬂo}mma ,

¢.€. the shortest N A »Lm‘kv
z

*o« Some 2 ¢ .Ws..«,&

:3\ooo\ﬂ.m

n).(

g)|*

o (a5 4,

TSnn Q (s os.r:ouosor

= | A=t~

N ET

= || A
sm N smallest ?« z=0

Hence wse the m.\or&. minimizev

2= ﬁ ».o,mmv.

sfor & the x o* least norm which
mimmizes Il Yd = Ax >

Then
e g™
Td
= z‘ﬁ Mvan
L _J

ﬂo?:& A wmos@o\?éz@




-

> HM /ooc / 1.3
The Qasn:;. defunition o% AY i3

(F.\) For Ae R™MXn

AT RN i3 defined g0 >+f is the x
of least norm which minimizes
Wya- Axl® on RM

Tyw&m -
For >m %i.xs

A"eRM™ (s right tnvevse of A
I AAT=T

AL e R™™ (s a fzq tnvevse of A
¢ Ata=T

A has a normal (nverse ‘ff A has

o left (nvevse gnd o z.a{a thvevse
( and bhoth ave equal )

A s.;.w_ew have an A or an A"
even when A~ does not exist |

HM /00C /1.8
Some —V_B_co}%w of At
° Al an X Mminumizing =f..>x=~
A exists At Yd
}L moom N +
het exist A 3
N7

Lf A has a (normal) tnverse : At=A"

. mw A has o <£§-f.s<@am_ At s one
3 m* Ak has o lebt - (nverse : At (s one
° m* > "O ' >*uo

At = o fontastic do-it-all invevse
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Computation of At

Some Pw—w—mo?ﬁo:w of At

hos " The detailed structure of the orthogonal
(@ Choice of input x so Ax=yy | decomposition of A affects formula + props. for AT
choose x=Aty;  [57Ax s as close A At Properties
ssible + S B B
= P »L% aritolpT | AtA+TICeA $a lin
ﬁ. A has a i‘uiu?,\@ﬁo then: 00 ﬁo L AAY£L Ce. >++9 v-(nv.
Ax=AAty, =y - NICE | A A

- - — o — e -

1 /.’ since At (s o I.w{“-...:,\cﬁa

t A has one

PlAolQT| @ ﬁ»; #E AtA +1
A At =T ie. At=av-inv.

AN

® Recovery of x from the measurement y=Ax

choose  x =Aty = ¥ isa @08. P »_Qq Q_.».._ou pT AtA =T ie A'=o l-inv.
estimate of the 1o A At£I
X u@s@«ptsm Y m A

C PAGT [ gATeT | At=A

,llll.l!lvlllllnﬁ'l".ll'llll'l

If A hasa F?‘ Cnvevse  then:

mu>+.._n>+>x“x W
\, . | Hence @ olewlotion of At easy once

I sinee At s o 5?-?5;@ !
v{ A has one | the olrouos& decomposition of A

t.e. At yecovers x without evvor s done
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clnsofo:sf Aooosmom?&: om A

|

A=PJA o_m._.
0O
heed o Jetermine L P , + Q@ so:
A O
T -
PTAG = T L
We will (Uustrate ?Jozmrs on’
» * O 3
A= ¥ » *® m_z:x
* ® *
O ¥ %
wheve :

¥  denotes arbitrary value
| -u=  hon-zero value
0 ~-u- Zero volue

Decom posction 95. starts by
Ts%:m an L P so:

PTA = an echelon matvix

‘ rm R4x3
€ RA4*4

; HM /00C/8.
€chelon matrices

Staircase for a matrix

o >
stort

of
stour- M=
cose

K * %k

o0 00
o0 #* %
o|lo x %

:

* k% X

Rules :

stalrcase never woww wp
qoes down ._..S¢ enough so all

entries below (t ,of any , are zero

Echelon matrix : has a stosrcase

with
oMl steps (cf piv = 4 row

e.q.
. O % ¥ ¥ %
My # echelon My= [0 oo % ¥
| M, = echelon | 0 o O ola
© 0 0 oO\




HM /00C/8.3
4 Transformation to echelon form

based on S*J%Q.:w zeros (n columns

Putting o zero <n a column
Can choose L H | so

K> [ o abc,
Hb | | b }- ::oresu& " f
c 1T |e :sos&.u&
§ a noN-~ Zero buk
o4 € 0 € changed
ﬁ % i * Fsorgmoo_ .¢o Zero

H has structure

- |

I"

o >0
OO0 ~00
00 O

©0ro000

e et

x

1
!
t
!

O,OO.OO"‘
o'lo ©

o

.-d
g!nILoOo
.-Q

—
|

H (s the part of H which does the job of
transforming TMV tnto Ano_v.. The cden-
?.f maotrices on the block or.puo:& of
H ate there so (abc)T and § are

wachanqed by Y.

HM /00¢ /8.4

Take:
.m~ = [ - duu’ | Lhoe o
X3, 2x2 T R this us a so-called
olbh Grivens rotation
matvix

U HEXMY

aﬁz ; sign(@=41 ¢

o -1

Does t zevo the €-element 7

Check r“ diveet calewlation:

. notation
:&nﬁmv.mmv < suﬁmv |
3 = §+lallsign(s)

= [8% e§

€8 gt

Huite dteete 08 ()04 __@__p
= 2(Nalt+(§(Yal)

ﬂ_nﬁ ou_.. 52 e8] A4
© 4 €6 g*] flag4 1§ (Na
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> _ -
H(E) S (%)= [hea) (8
m b s*pg/ﬁﬂvﬂgoi row %ﬂ
= - ﬂ*v ‘ v
=. “;: T (-¢8 ,_p__:a___p_?m; g )

~£ 3 (F+llaysign(®) + laf+ € T |fall - ¢
Nad2+ & 1oy

S
—4

~23%-g(8|[lof +ES e e[lfal ~¢
Nag* +|&] ol

=0 ! YES

Js H an orthogonal matrix ?

Fr=T-2%2 (wu)T=7-1 w7
flug® flug?
/__\
TH = - -2 uuf
A= (I- 2 __:__s ZH R v
= H...w. wuw'—~ 2 uut+ 4 Luw’) (wu’)
tug® o flug? han®  Huy?

—

0 | __me_

{
i

HM/00C /8.6
Alqorithm for L transformation to

echelon form

¢4 A= 4* * * + echelon matrix
L becouse of the
o
o x % 4- row r”mw»
#* ” for column
Fix coluwn 4: !
. \'
choose H, * [ * H,= Ijxa O
KR T: * = * 0 ..L.
So * a 1
O M 70 $or msm -
1 P%«ow?&.b H
column 1 of A
Then

HiA = H, [agq a4, p*m._

= T.rp*.m Hiayy ! Hiaxs]

# by «.m&poe.sm the Y-vow mf. *o.x wlumni to a
A-vow %8_: using o sequence of L wwpsn,mosn
motions H; to zap to zero the bottom 3
entries (n column 4




Pl

Y HM/00C/ 8.7

=| % ¥ *
H, A . K % = A, ¢ echelon mateix
o % ¥
0 % ¥
mslﬂ.w._n@\o_._ n_lsom be changed
' v
choose
H * = | *
N I OELS 100
co a 0 o Ho
0 0 0 © a
L for the
Then , *\.* . wa..o_:s&a H
HoAg= [LB-% % = A, 4 echelon matrix
0 % *
v
choose
* o -
L Hs _._wnwno Hy=| H O
So 0 ) 0 Igxs
° 0

HM \ooo\»..w
So that:

Hy Ay =

cooll

*x ¥ % ¥

* K K X
/]
3>
(¥ ]

wc.:owm po?&f_. that :

§  tndicates those entries which are changed
cm the orthogonal wasn_»o..ipt.os concerned .

. | because
1x % # echelon matwix of J-row
| o lIDﬂu-‘ Ou w*@T .
_ 06 0 *oﬂ
,.,--{moso Tu Q,go@\\ col.2
fox column Q| |
) v
Choo5e
Ix ¥ - *
1 I.— * w u]
So o] |2
Then o % %7a
HyAy= 1o a* |= >h_
o O E |
o O
(0

still OK A as 2eros (nduced by
by earlier H; not mmw¢3m@o__
Wg later H( -




Then

-

—sam‘.

HM /00¢C /1.9

= echelon matvix

(f not use extra H; to zap
the om@s%sm non-zevo entries

A, = echelon matvix

B

Hy As

W

o
:p.f
_.:>
HyHs HaH A = echelon matrix
[ @ )
AN

wowld be OK % thes matvix
was oswrouosg

ew e*.\N \

_ (HyHyHy, H ) TCR, R Uy HY)
= HTHT Hy Hy W HyH H =

HM /00C/8.40

ove al L

L Ié

Ic ! ,Jp_

= | YES |, HyHH, H, =P is L

end o} alg. for L tramsf. to echelon form

1 Decomposition of A

&3 A=

*
»*
*

* X ok % |
* ¥* x x

a

Q) Apply ¢o A the >£ for L transf. to
echelon forwm. |

Finds L P so PA=¢€9

O oofn
Co/n %
O o|D *

i

>




@ Consider

AT =

* % 1

® Ayt AT

0
]
a

oo O

o
o
0

echelon ?I:

Finds L & so

N
0
(0

Alg. for 1 transt. to

*
(2]
o

olo ©

o|o O

HM /06oc (3.4

d_ |

/I_.Il\

this occurs because the L trans-
?sgoﬁos QS. forst zevoes the bottom
d entries tn column 4 of AT, giving
rise to (4] in QTAT. Then {t zeroes
the xmwi\wgm bottom entry of coluumn ry
gcving Ammu to [2]. The zeros on the
smmi of AT are not destroyed by those
transformations and so appear in QTAT

HM /oocC /8.12
O) Transposing
AQ = [ © O]
'y * B.o
©4> O._o 0]
| 0 0 O]
So
Mmoo}
PAG= |, mio| . [AlO
0 010 0.0
|0 0.0
A

A = tnvertible as : m@i.».\_ = [ #0

Hence . have ?F:m 4L P, 1@ so

tnvertible

A=p[Ao0 QF

|==~~1--

as 3»53&.
0.0

dﬁ method presented here smia *.2. any non-
zero A, bubt two or more of the zevo sub -

zew?.aoo..\: H» OQ may wmo\w%_ew\ %vpso::m
60 :

on the partiowlar A considered.




S

hM/o00C/ 9.4
More algebra relevant to optimezation

Consider decomposed A€ R™" as:

0O O
o PO
38.?@ with some
0-blocks missing

o useful ?« ﬁas%asm At
. sw@*c\e mo« T.,s&:@ R [A],

tnvertible

N{a12{x: Ax =0}

:mm*&. later *2

constralned owtsﬁptos

with o:.pwo:& A

L»m..opwl"ﬁ +the so-called 2.;@&.3. volue
o_ooos_oo&f.os %@Ew (9.4)

HM /00C /9.2
@UTh ror A g™ of (9.4

(v) R[A] uo:“_@;?.;_u*mu

1
colums of P
—

?33 on orthonormal
basv's *o« RL[A]

W) W[AT=Jd mwi«ti:;@*\:.‘_

I
{ columns of &

= R[H] where Il—”éiﬂiv.:vn—\*su

|

(33) | all x's N(A] ave aosmé\w&
by HO os © varies over R™"

\n,:w some of the ©- blocks ?,3.& ore
mLssng, the effects on Th. (3:2) are
NPmm— to T..w.s.o ouk.




Yy gramie

HM /00C /9.3
?,8* o.—. (¢) uses:

(9.4) Lemma uﬂ Be RP*P i :o:-mmsmsef.
then R[8]=RF

To nros ._uso&..
set X = set Yy

we howve to show that
Xcy and ycX

To show that XcY:
show (xeX)=>(xeY)

gm%\ u

Proot of Lemma 9.4)-
Proof that R(B] < RP :

R[B]1={8«x :xeRP} < RP
(ﬁ\m:ﬂ_u

Proof that RPc R{B]:

am—xm.HVJuw@..Mm‘wa for some x
X

= ye {Bx:xe RPY=R{n]

TOOTSTITTE T,

GED

HM /00C /a4
Proo} of W)

RIAT={ Ax: xeR"]
LRl e

Y vories over & (&"]=R"
because QT = Cnvertible

X
§
= AST s (§ "
~ v~>om_ ﬁmvm R
z
Z vartes over R[A]=R"-

A |
because A = {nvertible

q_llé—uA.NV 1 2¢ —quMM,va«...N.U ;zeR"

o {=\

= L[ pus ,:J_u*«..— QED

w




HM/00c /9.5 HM /00C /3.6
Orthogonal complement of o linear subspace O thogonal projection

“O«. a —‘.W_om. NI O% —w: by AJﬁu Ac—llrl. mg—uﬂOw@ b = a h.w.w. 0% ”3
lnear swb-space Then: every z €R" can be written as :
the orthogonal complement of L | 1=2% +%
[\ [\
. LSO\
4+ = the sebt of vectors which are the orthogon ok the owwrowospe
ol‘\yo@os% to every vector in L . projection of projection ‘o
n oot z on L z on +L
umum% t2'x=0,VxeL]
or unigue Z ,Z
m-._. GWN.. ;_.. % m. ! 2
L L n R3: L
0 A . .
u me.M_B&pr.o: agadn !
in R Z = closest pt. n Lioz
Z =closest pt. intl toz
)T _ _
(35)Th  For a Lss. L of R"; _, Gfﬂlm Jb L=R{A] for some Aemrm"
(11 4L sal.ss of R" _~ then z = AAtz
.. . Z = -AAY
@) *(+Ly=L | 2 =(L-AN")z ()

v




| HM /o0cC /9.1
A useful fact about A e R™*"

(38)Th  +R[A]=WN[A"]

Proof that +R[AJc W [AT]:
xe TRAT

> Hadno ~<gm%ﬁ>.._

= TAx=0, ¥V xeR"

= (ATz)Tx=0,V xeR”

choose x = >qﬂ,

4> (A2)TA%=0 = |A"z|t=0
= ATz =0

= z€ N[AT]

ence  +R(A] c of (A7]

HM/oocC /9.3
?oom. that N[AT] < tR1A]:

(#) closest point in R[AT=L 4o 2
X = arq min  JJA x~zll

w

Atz = 7 =A%

BIAIE e O S

"
>
=
N

ze W[AT]
= >.—. =0
S xT(ATz)=0 , ¥ xer"

T

AFx._.& =3 xmmm ﬂMme.x... Hﬁax

(A"2)"x =0 , ¥ xeR"

= Nﬁmnxuo y VxeR"
4

vartes all over R [A]
as % vovies over R"

> 2y =0, ¥ ye RIA]
=D ze T R[A]

:@s.«@ c:.ﬂu c*+R(A]
QED




HM /00C/9.9

>2§.08£o: of Th. (9.8) to qive (ncreased
mswmwvﬂ—u %01 mun s m& - >x __N

XER"

Jt (s obvious wmo:.@m..moés that :

Y4<AX L 4o every veetor in R(A]

| ™ (a.2)

= >4T,:l>wguo
= >._.fn ATA A

, a ssuming that
N X = (ATAT AT ATA = invertible
| Jd ~
_F:,”m.»n .
= QS?W&.PZw ?«3&9

T«. X

HM /00¢C [ 3.10

So: o ATA =invertible

then the unique wporn» minimizer S :

X= (ATAY" ATy,
Since there (s o:f one ﬁow&. minimizer
(b must be the qlobal minimizer of least
norwm.
Hence °

Alyg = (FATATyy ) Yy

“V >+ .Mn. A>4>.Vca>4

only of (ATA 7! extsts —

o the above ¢ a new dercvation of Q ?«3.&?
for At for a special case, yeelding hew insight

BT : ?«59& ATA undesirable :sso?.o.&m

= ,noI:‘:»P om .w..* *oa}..,, s befter
as (t works even cf ATA F (nvertible
and avouds calewlotion of ATA.




HM /00C /404
Fixed point algortthms _ﬁoﬁ solving h(x)=0

where :  h: R"—5 R"

m.&. *os mo_.izm o_v»....:ﬁ#m 8:&48:<<Axvuo
1 )

potentially relevant alg. when
V#*quadratie and/or n = very buy.

u.»@n. .

Rewrite h(x)=0 as x = f(x)
,..m woum?_&
Then (X = a solution) &= [ h(3)=0]
= _”»13&

so mﬂ X qoes Q&o.? then %
Comes oub c.e. X (s a fixed - point of {

HM /00C/10.2
>sp£wmw needs :

Delinition f (s called ¥~ \,%w&&wu (on R")

t NEC-~E(y0 < ¥l x-yu y Vx,yeR"
{

¥ 20
| smallest possible & will be best fov :L

u% ¥<, = ._w (s cafled a contraction
gq. if }(x)=a+Bx , a&R", Be R™"
= JEx)- Hg =l (a+Bx) - (a+By)

< | B(x-y)|
S el ix-yll , ¥ xyeR”
I

m:.wﬂu@w*m : P,T.xmm.n wof.\:&c PJ. :

x?u%?..v ! Xo€ R" ) Yy

Convergence of Xj tox 7
mmoz.;m cond(tion ?

=> can use ¥ = ||B|l | where:

__mv__ = __m.__.qP = nduced norm = /\yspx Amqmv_‘
or _
"WBH = Ul = Frobenius n, & MM F.w. »
i

IBUe>UBH, (so UBIg not best for ¥)

BUT Bl s much easier Yo Compute




HM /00C / 40.3
Go.i P um *.. s & contraction then!

x ={(x)

has o wnique solution x.

Proof : (only unigueness, existence harder)

non- F:—..ﬁ;.@ WOS\WGOSA_\

3 golutions X and X with X + X
W

NX=-X0 =\ tmvl%ﬁm;,

< TIX-X1

=)

< IXx-%I < contradection

Hence : unique solution.
¥ QED

HM /00C /40.4
A0.2) Th \
( = Constder : Xipy = %Axt ; Xoe R", Vi
,.2. * (s &...t,,wmos&u with ¥ <

( t-e. a contraction
then: )

9 pgamso..wo?gos X of xuﬁxu , and
() 0= lx-%0 < riixe-XI | V30

so, stnce ¥ </

.. A

(w) xh.f.Vx

from () :
Smaller ¥ ,._B_;e.@m ?ﬁmoﬁ
usp<§¢§ convergence

Proof of (¢{):
I X = X 0= 0RO =GR
< Thx-%| (10.3)

S0, ...woﬁ?f..:m.mrr.m.
I xa.,m__ < gyl xo-»__ , Vizo

= (i) QED




HM /00C /40.5
A m*ovt.vi condction / \

.mszswo e would be mi:*%n with an X{
neoy m:osws to x in that

HM /00C/ 10.¢
Proof of Th (40.4):

Ixj-Xl <& < re-specified eq. 1078

Not %:mowf :3?& as mmo_%sm - cond(tion

A
stnce X = wnkhown .

Howevey :

o) Th 9 £ e ¥-Lopsohcty with y<1,
then : |

)
_?h.-x__ﬁ ﬂm WX =X 0, v >

So we can mwom ;ms&oe:w x:oae:m that
I x;-%i<e

% we continue 303?.3 wntcl

easy to test

e of Ix; -xy < X =x.-x A <l
ZO&. ) A
X =1 w___ Xi-1~ X I‘_. - x|
Xy =X+l =X
flJIL

(t0.3)> < ¥ lix - K |

* . >
Wx =+ X=X

o (=¥ ) | x_.._-m__ < |l Xpey = X;
>0 since ¥<||
O ux-%0 s 01X = x;
1-¥
.n...spf

X% < ¥ix -xi

X, =%

I
T |¢><1
OQ

= ,.m.l W xj- x| QED




Ly

L

HM /o0C/10.7

The fixed -polnt alg. can now be coded as:

R A . * A
¢ Xpg, = N tial estimate x, of x

Repeat :
* Xod ‘T Xpey
¢ Xpew ‘= %Ax.zcov

Question : does ¢t ever terminate 7
_Answev i yes - &(EP% of o:£ V<A

Then !

So:

HM /00C /40.8
About vewriting h(x)=0 as x={(x)

mo« the limear case )

ourosm Ax —b

AeR™" b eR"

Methodology :
mwzm A as

A=K+E
/[

memf cnvertchle
9335“59&85 to A

ovvor |

0 =Ax-b

=Kx +Ex-b
=>  Kx =b-Ex
= x=K"'[h-Ex]

#7@ wvemw X _ -A . 4 .

| =K [v-Ex] 2

A=K+E [b-Ex] = $ 00
14

\)l/




HM /00C /10.9
aém«miﬂ chotees ?s K

W
%m@ws.o f(X)'s and &m@«@i fixed - point algs.

J X = 1)

I x -%0 < S ¥l lxe-X| for different ¥'s

\

TA._ to choose 8?.5 tnvertible K s

HM /00C /40.40
We want: A=K+E

LM»?E tnvertible approx. to A

&Pooce. wevation
choose x D E=LaU

TT F.S» @Qmef cséiiim

Gauss - Seidel cterokion !

y moll (est) best choice depends
| on A
Some ?iso:m chocees ﬁos K
for the important case when Qi #0 V¢

View A qs:

[

choose : K =(+D, E=U
/

Fe@wo ﬁlpswiss = mpz.c.,_ o.=<@1:._°ﬂ

Relaxation itevation:

choose K=K, 2 L+D
W Jscalor
= E=E, = _..W+e+c
qiving 1 &, = NKSEL I

and ¢& to choose w so ﬁ&nmsé
W = so-called relaxation %D&.o..
W >| : over- relaxation

w<\{ : wnder- velaxation
w=1 : relaxation = Gouss- Sexdel




HM /00C[40.M
Final remarks on ?ﬁ-qogw &Mm...

o For a qiven A , somekimes (€ might nob
be weuﬁ.im ‘o ?& a K so that

IK*E =¥ is less than one.
However, @ suctable K exists wswﬁo%s&f
often for fiixed - point 9£o<c.¢r§m ‘o be
of (nievest.
. *mx@opl _co.“iu &.&n converge to M
f o?f * ux\:t_ono{wu and v<|
1

Tso..P be lnear or no nlinear

o fixed ~pt. sjn.u Simple algs. __TeoD
o qmm.ﬁ.&m Witle m+o3w@

BUT
o fixed-pt. dlgs. poil (almost alwoys)
of ¥ >




. -

HM/00C/M.A
o a ltle more of unconstrained opt.
¢ start of pwspf.*a»no%mg?& opt.

More notatcon:

Now :

Consuder h: RPSR" <« h(x)® h,(x)
7wl hm (x)
A
h(x+8x)2 h(x)+ | 5 Qha §x; ]|
=t 9x¢
2 She £,
M.“. .Mmm_ Mxr
L e -
= s ... Dhe | [3x
= h(x) + Lo 5o [ u;
W.WB .. %hm
(e Xy .M.Mﬂ. \f w&.x::

Ii.mwi rﬁxfrxc&mxm

<9€%£ requires oll Ohi to exust and he
?x
continuous near x; wsggmn& o hesad

*Gsotos meaning all 4st ~ovder ?7.. exist

A

and are continuous on R",

=
. ; i ps

HM /00C/ 1.2
Optimization for solving : h(x) =

may be nonlinear

Couwld solve using :

e o nonltnear <oo+o?mmspf_os s owey olg.

or by
° ¢J%w to choose x so [h(x)t =0
.e. solving
AR I TN &
XxeR" (#)
Y. min V(x)  with V()L I
xe R"

Formula .ﬂo., VV(x) etc.

V(x) = | b GON® = 5 b (x)®

=y

S0 " ]
Y= 3 2w =3 2 dhi(x
OXj  im ¥ , ,m_ .ulx.. )
#) 4his

p_%«os% useful e.g. when ?x&..wo?*

cannot be used because we cannot
¥ <

s

et




HM /o0c /4.3

So:
W _ [T a ¥k
4<AXJ - &_xA - i=t D X4
.< ! . (x)
oV L R-LI
@X: m. M, VXn :
«I.va
[ 2h, ELUN R VALY
= 4 D X4 dX4 :
b e ||
—. dn Xn | hn ()
h Y
hy ()"
So :
(M.4) TVx) = 2 h () h(x)

wnszgf. ot con be calewloted that

(1.2) V()= 2h(x)"h,()

+2 M= h; )by, (X)

SLxx

2

evaluotion
= @x v@:w ve

he =0 when

V=X rw. dewreases

to zevo

S—

HM /00C/ .4

So:
A:.Fv <xxﬂx.v.% b. rxAXu._.TxAXV
| with the wasoxmso.f.os a@#%& bettev
as x —s a soltion of h(x)=0
gonce then hy — 0.
Hence

we com use the Pzgx;o&no:
P(x) = perv.J_xAxu to <xxoc

W o Newton- w.%m alg.

Jdn Tvow ' ﬂ?& V\_o
but ¢s not :anmmmp?.f vo/

gm can , howevev, myzsox.eéﬁ..a P (x)

.J o ﬁon:"%mu %T.Be.*o P(x) J o:pzmgm

o\l zevo Ay of P to g>0 |

= we can m@n a qoummr_é‘m@*sawa
P:..Ox.g?f..o: P(x) to Vix(x)

L




HM/00C /15
Once we have aqn

P%«oxﬁ;s:o: P(x)>0 to Veg (X) , ¥x
e can ﬁ%w& the v-ﬁm. of £y

to minimize V(x).
A (tevation i of the _ungm."
| = - .vAx.mv..Q.ﬁxt

.

the Qonn&..?& Gauss- Newton
search dcrection

c\w?& thes S; at each tteration a...ﬁ& the
(rousss ~ Newton Alg. ._uo.. uorca:m h(x)so0

5 se.‘:.inp.zw __r?;v
xm,__ﬂs -

HM /o0C /M6
£qualtty - constrained optimization

min V(%) where _uuﬁxm%;“ _‘.Axvqu
XEF /

vector moqco..\,..i constraint
h:R"—> g™

usually m <n 4o help
enswre that F+ g

mn:?&oéa problem ?«3&9*83“

min V(x) subject to h(x)=0

XeR"
"min {VG) + hx)=0]
xeR"
sts:&m Fovr unconstrained opt.:
VV(x)=0
For omsnw;%on o_l“.u
X VV(X) 0

. X
VV(x \/
(x) ’ E hﬂroco:&oﬂm/




HM /00C [ n.7

box

4

maximize volme

mFJ.mow to : area o« matevial = A
( u?@s to us)

-

“¢ max XYz

(xy,2) e R3
mFJ.mo* to A(xy+yz+xz)=A

.

v.e.  since max V s m»%ﬁai to ::.:A.../\v

=> Mmin ml.x.uﬂ : .:x_u_._..“_N._,xNVn}\M
(xy2) e R?
gﬂ Xx+_u>xx+_wsﬁ | Xo = Xo

Minimize control @_.?ln needed to veach a
desired state x4 ata time N | ce.
A
ﬁ QO +FN— + e + ;NZI-V
(Uoy-- Uy ) € RN

min
msw,_.m% to

x4 = AV + AN Bug + .. +Buy

HM /00C/H.8

unconsty.|
mun.

Lineay ﬁ:p:f - constrained opt. of qeneval V

min ~<C&uexu%
R J AR u@:@..&. knear
X € . . mm:&».*a eonstraint

a mxn matrix
with Lnearly
?moam.s%:& rows
(to avoid redundant ooi??.:?ﬂ

@ Simple el¢mination method

29. min ~<C&..

pf+wx~n%w
xe R

/=\'.. mo??& T:. X,

x =[ X4
F-axq

b
1%
can solve {hyg 83?9?&.?&83 J.. .

V([ *
(f-ax0)/b

eF , ¥V

min

vv « EAsy

X,€ R

this method = 0K o:J ?1 simple constraints.




HM/00c/#.9

=> a beller approach s needed
@ The wnull- space method
|

| based on a opoowmﬂ §%3«§&3 of F
i

{xeR": Dx=41 |

.3) Th. i te =
(M3) Th. F#g i au%_uﬂ
ﬂmpwa,F .mmwwx_

I} F+ @ then there are feasthle x's

So we can proceed to min V(x)
X€EF

M:. F =4 +then there Cre no .?pr.im X's
So we cannot min <~xv
XCF

= need to re~think the
constroints

HM /00¢ /.40
Proot o_* Q;.wuu

_...*\Q mﬂ 3 x such that *nbx
{.e. m*m_,ﬂmhax“xm%du%ﬁeu

te. §f $e RID]

ol:omo:p» w«oh.mof.os
Th. (9.€)

§+7

0 )
KRIDT *R(3]
e Uf f=f T DD*¢
Th (0-F)

N Fag o e R(07,
ce. off §=D%

QED




HM /00C /4.4

More about F
(M4) Th I Fg.
Then D*e + N(2]
m~e+n+¢ ty e N[D]}

DY+ [2]

¢

Proof Assume F 3 @

D I =f S pher «®)

[ (13)) T

Proof that D*4 + 9:..,@“ cf
x e DYf +ur(2]

HM /00C [ M.42
Hence xe F. QED

Proof that F < D*f + N [D] :

xe F = Dx u%%aui

= D(x-D*) =0
.
Yy € J(D]
& X lU+.m = m— ﬂ°<. some um 2_“6”—
= x=D* +y for some Yy e N (D]
= xe {Dd'+y : Yye N1}
m

DL + W [D] QED

T TR L ez

= x =D*e +y for some ye N [D]
= Dx=DDt + Dy =
ﬁl%\f g =1
@l, my 0

Ly




HM /fooC f42.1 HM /ooC [42.2,

So by Th.(#1:4),if F#4 we have " .
o R R
~— MOV

= + " - ._.‘& _ or N _\c—hﬁ&

F=0"+ N [D] X - wan =Pl Die la
o'y 1 o
then:
D] = R [H]
r Sy
2H...Uu ﬂ@*h:.: o J*Su

Now we need an H such that: So F= D% + ([D]

NIDl= RIHT < to make easy coleuwla- i

L2 L] tions with &“EM_ RLH]
| = {D% +y:ye R[H
Q Findinq on H so that N [D]=R[H] * Fryvye Rl :
< | .H..M“U....m.o.f_m “omﬁsnsw

o Apply orthogonal - decomposution alg. to D : . 2

T A 1l<@£ nece formula {or

% >=PDQ" a feaschle set F
or A = &‘.:v“_u*oum o /:\
p=P|D|QT

O not very r.._n@_& ‘




HM f00C [42.3

Hence:

min V(x) = min V()

xm_”\ Xe{D+HO : 0 e R™]
constralned
.oﬁasmnsr.os = min V(D' +He) (#)

BeR™ |
[ unconstrained optim.
use CG. Secant ,ete.

@ morc?m (£) ---EASY

and then : an % =D*$4HP

.T:. _P.é m.\s.w of (£).

hice, easy method .?1 no??m Lineay
mwsg\f“i - constracned olﬂ w.,o_o_ms.m

Y,
g wc\w:?m them (nto unconstrained

opt. problems cu moking use of the
ﬁa@rgao structure o% F, FPB@E

ARG F = D 4 R[H]

HM 00C /1.4
Nonlinear equality constvained optimization

— necessary conditions for optimality

§;~<Snicui (E)
x ER" _

| h:R"->R™ — wo*miﬁf
honlineay

n
c.'é

]

= 3
"
- i

TV(X) »
1(X)=0

VV(%)= =2 Vh,(})
..e. <<?.J ﬂ. |>._ Q—:A»v ?1 Some fm%

(12.0)

hecessary cond(tion ._wo., owti_o.:cn

A . J
of X in (§) for the case
when m=1




HM /00C /A2.5
Q».Av ._.“r X is a local minimizer for (E)

Then V() = -5 A; Vhi(R)
C=

for some ALER, (=4, m

\\. Tq.o<p.&& QQ:AWV»... Qrs‘-AMV

are Llinearly ‘ndependent

a constraint ﬂ:o\:?.oo&no: ,
su:af mPtmT.& ,50 hot
E..&Lg restrictive

a :mo@&?& condition T:..
ao«.»a\c.ﬁ - constrained eamasﬁhwu
(a qeneval version of (42.0))
More netation

V Axuurb. vV U1 T
X _“axa. Vaxsw VVix)
LY R YR

hx(x) = | ox) .alw: o [ IhlaT
wl..n.u_.: Yhm .
3% Ban | | Vhy ()T

=> h

x0T = [Vh(x)... Vh, (0]

r

HM/00C/42.6
Sinee x = a L.m. =

V(x+8x) 2 V(%) , ¥V small dx

Proof !

such that h(X+8x)=0

— L G
h(X)+he (X)8x (%)
sm?:«.. ,Jth
hy = hy (X)
S V(x+8x) 3 V(X)) YV small §x

A
such that h,8x=0
for subtle reasons, the accurdcy

of expansion (4) (s not Sufccient
for this = tp be valid wunless the

V h; (%) are :so.p..f independent

but  V(Xx+8x) 3 V(X) V | small &x s.t
_ Sl . |

— o ﬂx%x =0
V(x)+ YV (%) 8 x

r Small
?%xs




HM /00c/4a.1 RH /oocC/12.8
Hence :

Hence
<<A»v4%x 20 Vv A smoll §x such that <<C\3 = ﬂ_x._.¢ for some 0 eRrR™
he 8x =
. . ~ P, hx 8% =0 me?i ?« some A € R™
“€:) stnce all (s now lenear, then:

VVE)T8x >0

il

V 8x such that nxmx =0 [7h, (%) ... Vhe (%)] (-A)

A A eRM
= WQE)TIx 30 V¥ x € N [h] for some

—~ . - . = .MS Qre A»vye
sine (hy8x=0) > (7, (-8x)=0) | [

“_hw UV(x)éx >0

<<?>34 Al%xv 20
ﬁ T A .
M«Amﬁwx 20 M V dxe W lha] hote that this condition vs valid of
(xI7éx <0 we assume , additionally , that
h %V ave C* functions
A | so the Ast-ovdey p.ds. and expan-
T RIHT _ F _v

w Sions are OK,
_ easy to prove _

QED

owy ,smooap& condition %3 mw.rpr,m.._

V §xe %ﬁw& constroined o_v.:_sp»?m ot X )
we also peed h(x)=0 ) of course .

= WO&=0 , Viced[h,]
= UV(X)e LN [hye]




HM /00C /434

The Lagqrangiom and (ts vole ¢n +the
necessary conditions for optimality

The \.pusosw&\s , :pi@fu

L(x, :t V(x) + M A h: (x)

Ao.ussmm multcpliers

\<x

V(x) +ATh(x) , V¥«

\ U No.m range multiplier

some use “_» vector
heve (nstead
of o._.+=,. so 1&% an miwox¢osw
A theirs = ~Amene role ¢n constrained opt.
Ascde notation (L isa h: of x & ));
VoL 2(3% ... LT a, T
X .WXA ) »NXS.V BX
A T T
V.L =29 ... . %L g =/
A A U»a U>5 >

3

HM/00C /13.2
:m%w L Th. (42.4) can be rewrilien as:

A

(43.0) H’W X s o local mincmizev .mos (E)

Ten Y LGN =0 for some ) eR™

L.e. \.«».:x =0 ﬁo... some AeR"

_
neat nototlon

ﬁvoow !
=

L(xN=V(x)+ 3" A; hi (x)

i=t

= V(X)x + 5" M\ h(X),

(]

= <QVH + M_s»,. EQ,CH

bE Y|

= T L(x\) =V V() + 5™ ), V, b (R)
. Y] .

L(x,\),

= LT

u_lll O for some AeR™

\Th. 424 ] & X = atocal min.
for (£)

QED




HM /00C/43.3
(13-4) Th ( A property of L)
V(x)=L(x,A) , ¥ »eR"
f x is feasible (x€F)

E L(x,\)= <c&+>.:m_cc =V(x),¥A
Tm X (s ?ﬁmim 1\\0 QED

This property useful ¢n proving the ?zosesm
Sufficient condction for optimality of X for (E):

(43.2) W..w x ts a local minimizer for (E) of:
@ h(¥)=o0
.. A " m
() L(X A), =0 for some A €R

and evther:

(w) L A».» vxx >0 less restrictive
than (W)
or \
(iv) HTL(XA),H>O
where H has Lnearly Cndep. columnsg
and RIH]= NI h(x)x]

femee e g e aeme

HM /o0C /43.4
Nodes on Th. (13.2)

o Llinear independence of the Th ()
\S hot needed

¢ V,hi,¥i, are assumed to be
c? ?.so_f.osm

v F .
meancng all 2 exist and
&xm&x‘_.

are continuous on =~:~ SO 0,

9-nd order expansion (s valdd
th the ?.oom

@
~
o~

x>
ol

>
N’
x

I

VG + 2 N 5@;

tat

(7R + 37 A Thy )]

]

K P%» ﬁ.<?;+M m_‘:QJ\._x

A A A
=V () + 2" X hi(0),,
- t=y

{1




HM/00C [43.5
How cowm one ?:m H?
o one way to find a suitokle H (s to
apply to h(X), owr orthoqonal de -
composition alg. @??wu

A

h(X)x = P [Aree O]Q]

g e
rom whcch

A, H n:‘:?::. A::L
— _

ovthonormal
and hence _.nsaqu

?%q@:mos.m

and R(H] = 9::»7”_

HM /o0C/13.6

,?oo* :H Th (43.2)

case L(X2),,>0

For small dx such that :Amfﬂxvno.
<A»+mxv..“.(hﬁm,»+mx.»v

Th 13.1

= v +\,? : Ix + »Mx L(x :xxmx

J—‘IL?C
<A X

Lara Th (3.1 ]
V(R) + £ 8T L (3,0),, Sx

_ % J
on , Véx +0
Vx40 s.t. h(X+¢dx)=0

= x = a local minimczer moﬁ (e)

e}




HM /00C /437
Case L (XN B0 but with
B L (2 ) H >0

Since % = ﬁgﬁ.,r—o _.

= Y msmmof,@:&f smoll dx +£0 such that
h(x+8x) =9 ;
0=h(X+8x) = rm_mV + rxﬁmvmx
0]
=> S0, for all such dx#0

=> §x e NM[hy(x)] = R[H]

rx O‘MVMXHQ

= §x=

Ho for some ©
l..—,fSom § x #oN

ﬂ_ma*.oa , 0

V(x+8x) = V(X) + LIxTL(R, \Cxx dx

N T ¢
= V(X) +§ OTHTL (% ::.3
|\

co L >0 sinece 640
V(x +8§x) > V(R), V¥ small dx#0 s-t.h(x+dx)=0
_.,.@. ) = Q@ b. n. Oh hm.v QmU

HM/0oC /43.8
More about convex functeons

(43.3) Th

For a convex CA function
<._ __.ﬂz -— nm s

Viy) > ch + OV (X)T (y-x)

Y
*

, V oxyeR”

V(y)

= VV(x)

*stos& to
V at x

ms_“o

X Fr-<--

b
t.e. Vy) Les above its tangent at X, ¥y , ¥x

m.m.
<Svu V(x)+ <<e&4$uxv +w$:§40 (y-x)
, | o

<x&m=~=

V = standard quadratic on R"

2 V(x) +TV(x)' (Y- x)




HH /00C [43.9
Special case of - suffiecent condition
Ts owts.?:.&m

(3O Th I hix)= Dx-f
Wnear mm‘:pe&_ oo:&..o.mmmm/
V = a convex C! ?sor.os
Then

w:9<9:¢@o that :
A

X = Q mpo_op.. minimizer for (E)

NoT ._.,_»iu the local minimizer
11»%..%@& wm_ Th (43.2)

HM /00C /43.40

condiklons (1), (W), (L) of Th. (43.2) -

Methodology tor using Th. (13.2)
to find a local minimizer for (E)

Th, (13.2) says (en scmplest case )
w = a local monimizer for ()

% BA».»Vxno for some » cR™

h(R)=0 ; L(XX),,>0
Zm;oo_oﬁomm. ve !
(@ choose x(A) so L(x(A), 1), =0
@ find A ={X:h(x(A)=0]

P

® fid A um rAe N N.?;:vxxv&

then Mnmev.. A mHM

= o sebt of local minimizers,

So choose and use an xmm
m?e.sw least cost.

P




HM /00C [ 441
So 3@?o%€$ for wseng Th. (43.2) delivevs

o~

a set A such that;

Y »mN,”
LIx(A)A],=0 \ixgsuo

L [x(A),A],,=0
._IV x(A) i a local minimizer for (E).
| Th (13.2) |
= w. = set of local minimizers

= x(\)e wm .“_e.@f%:w least V T ﬁowc& mnim.
4 hope S:&

W some cases it well not be possible to
follow the above methodology exactly

= but %the 9239% showld be 92.:&
as far as womwmim.

Also:

the S@wro%sa« ts usually _:,pef.oprs )
tor nonlinear h \ o?f when m=1,ce.
when there vs ONE scalar aws&.\,i
constraint.

HM /00C /44.2

Zxomple
SR mw.qx . xt4 xy -4 =0}

h,(x)
- qx=0 contant
_- gtx==1 MV contours
. \\aax =-9

this vs obviously the
o:f local minimizer
tn thes mp.swa example

- does ouv smwra@ocoam
fend &7
Ar@ h?gspsm_e.o(:u
Lx;M]=V(x)+ A hy(x)

= qTx + A U+ xp-4)




HM /00C /14, 3
(@) choose  x(A) so h_..err»_.._xuo

:ir“? #_

Ox‘ ¥
= :.+ INXy 9yt dh,X] =0
v ~ 1 Afv
2A1\ 9,

4
= x(M)=-1 q
2A4

X,
Xa,

= |

x (Aq)

@ .Tw.& A nM\/ ram.x;:\._NOM
ha [xOA)T = %, (A + x5 ()%=
= __x?f:_plh_ A ___w__ ~
4r>
= eﬁ »:n t E
4
A= { i el g
-l—. | \ I J
M A

HM /00C /44.4

® fod K ={red: Lxn,0], >0]
th.fu M.m._.x +>A Axw.._.xm.-:v
LIx ], = [2h O
0 dM
‘_‘rmsm*oq@u
© LI AT, = £ lgn [ 0] po
(> X ¢X)
| . . 0
o L[xG), KT, = tlgl]e ¢[>0 &)
| (> X e A)
| Henee \

MZ_TX::.

# a %p,uos& matrix (s positive definite
f alt uts %pmos& entries are > 0.




HM /00C /44.5 HM /00C/ 44.6

X ume.f A€ N.u nmhc.o.\r.f constrained optimization via duality
= Mx (X) = m _24q w In duality theory | the origunal opt. problem
gl s called the ?&3& problem (P):
= our set o} local minimizers Our primal problem ie:
. A
So: X = -9 E nin ~<?& ; r?vnow (P)
gl ‘ xeR" 1
RN m
For 4his very simple case, we can check h:R" R
qeometrically : We shall derive an gams???iu " dual
A\ m«oims (D), wo_um:tsf easier to solve
. than (P) , from which bhe solution to (P)
RM . c can be found eascly.
M _.mn .= © the Solutcon of (P) will be avded by study of
4 suosiﬁmni 33: * V(x): r?&ﬂm kw
m vector 9 X€R ﬁ — e R"
w we see ,mxo.s thes %puso,\s thot our local %1 !
,,, minlmizevy x s po?gf +the mpos&( ménc - o m@:@«?ﬁu& m.,oiai
$ mizer <— wosm,\ef it s not &‘so.um ososm to u
SO nuee, _




HM /00c /A4 HM /00C /4.8

Defune : . . .
w(y) & min [V(0): h(x)=y] - Duality theory relies heawly on the dual function.
® = : X ﬂm A .
| .“_ XeER" rjl\ m.ﬁ\z“ mn 3_m=.€+>44u (DF)
€ER
the w@}?«riﬂao: w@}s}sﬁo: o% €R" L
unction primal constraint qraphie
h(x)=0
A
sV = mcn M<C&.. r?cuow sm%:m >4¢

—
—

(h9.) 1,

v .N = ha(x)=14
A T(y)
< .~ -

x€R"
the minimol cost for (p).

A
w(0) = V < obvious |

!

9
> ha(x)=0 La_u h >
X h(x)=~1 '.; " £
Curs (3 kind oﬂ _iow.
M.m..o-w .u..,/\\am,v A (s the key to
(x)=v @:985 ?@oj

T (1) =V(X)

u «ow?m@m " m
about Yy=0

S

(14.2) le

. ' > .
(L) Ty)+ ATy ly=o =V , VieR"

Gy dA) sV , ¥V aeR™

\

_ obvious *




HM /00C/14.9

Proof of Th (44.2) @):

d(A) = min  [W(y)+ ATy]

yeR®
s [wly)+y] ly=0
- wE) = V , ¥V aeR"

Evalmation of d(A):

a0y = min [ 7)) +\y]
yemR™ (:l\
mon A<Axf ix_ui
xeR"

4

fonding d()) this way Us at least
as hord as solving (P)
so ,this Wway seems ugeless as an

acd to solving (P)

BUT ... soved by e

QED.

HM (00C /A4. 40
Q:.wv Th  d(X) is also given by

d(A)= min [ V(x) +A"h(x)]
xe R"
|
wnconstrained mingmization
sﬁp_?_SJ easy to do
52@ secant 95. ete .

Poom“
(m3)  det Jluy) 2 { V) F hix)=y
+ 00 ..,* hix)#y

0 2 mun | dAx&v+>4mw

xeRrR"
Then: Jmis |
0=min Twmin {Juy)+ay}] (%)
XeER" Yerm
= mnin _.15,.3 Ax_ V+_>._.
anlro L7001 )




HM/00C /AY4. 4

From (#):
= mtn h Ax&v..‘ AT
o u,ma,ﬁ“,m;as: 11]

= min ix_i:::ixL

xeRh

oS uﬁx_ur. ATy = o0
f h(x)#y

= min {7 (x,h(x)) + ATh(x)]

KeR® | (14.3) ]
min 1 V) +ATh (0]
Xe R"

)]

ll

d(A) of Th (14.3)
From (£):

B = min ﬁsg ~..A_C:€+>Jﬁ
yeR™ xeRr"

HM /00cC /1443

..«Wm _.35 .A_C:i+>4_: H_
mm_xs x€{xeR":h(x)=y]
S

since (XY )+2Ty = too

¢ h(x) +Y

= min ...._3:. M uax}?u.;ﬁ.._:
JER™ e fxeR": hix)=y]

. min _H§ﬁs~<?$+> 1]
YER™ xefxeR™: h(x)=y]

4-

= min [ min M<QL + ym
m
Jm.z xmmxmafibni_

,[_

nu min .M ﬁm..,_v +>._..;
ye "

da(A) oﬁ definction  (DF)




Loy e

g HM/00C/44.43

Henee :
__¥ ° ~J
min L V(x)+ ,;Sw min T_.€+>4ﬁ
xeR" umﬁs
| [
d(x)of Th 44.3 d (A) of Det" (DF)
__/ same thing. &
QED
121«.@335 ?L. Cx wéa...os Tsig
d (1) which (s d (A ) Which has
easy to eva- nosom_{nco\e Cwm -
wate wo}ps% n
— constvacined
optimization




HM/00C/ 45.4
(154) Definttion (P) (s called convex if:

V = convex
h(x) =dx-f < |ce. h is affine
Qm.pu b.. ﬁ (P) is convex |

= [ ¥ = convex on R™] @)

Tw.wv Th Am:mr» extension o.m.. Th. (43.3))
um : “.. :R">R s convex on R" ang

% LS o:moqozter_b at x:

Then .
fR)z{0+ T [2-x]  VzeR"

(.e. .w Lies qbove cts &9:&@:& at x.

sttuation with " = convey happens
least one (mportant type of problem

et e LR

HM /00C /15.4
msEBS T s
A
(L) convex on R™ Vv
(u) %a@«wszpzm at Y=o

wgsm@i ok y=0 with
mswm = éi&

A
&m\.ﬁ > = .lqa,._..:\AOu

~ AT
0 d 4
T 7 i
Then
|\
w Ay
A\ - - .=¢:+>.h_
.._v / - Y
zero Slope at y=o
So: , P El *
A . Ar A
d(A)=min T(Y+)ly =y !
yem" |




M jooc 153 - HM /00 / 45.4
H h ) .
ence  we have seen u«pmr,o&f that : __ />\ = anin .M<oa t h(x)=o0]
('S4)y Th 3¢ xeR" _
(L) T is convex on R™ nosu?pmsﬁ owzsmngﬁo:
(W) W s differentiable at Y=o (H) i
o | | THE PRINAL PROBLEM (P)
@) A=~ Qu T (o) | .
: A : A —
Then : d(A)=Vv. ._W,MWSAA VAJ wnconstrained || THE DUAL
/_\v . optimization PROBLEM
So s U (H) =true , +hen é

we Know how to solve ¢t

A 4 A
\)= "
d(M=V for some 1 €R eq. max d = ~min (~d)

o 1
_’m@ T:w ~Uy (o)

Also , A m. S0 we can %?k O *.o... (P) by
d (1) _M V., ¥ieR" unconstrained maximization of (D)
i._ur ::.»; | OK ,but what we really want s
Henee | ©© a global minimizer X for (P).

A
max d(A) =V Problem
[ 1€R" (D)




N IATREET PSRN

EAiatanden s Do S RNCPRFTIRY. A { S AT F 2]

e BBl et b it oD 0 4

HM/00C/ 45.5

(15.5) Th .
(L) T (s convex on R™
— (H)

(]y T ts diffeventiable at Yy=0
A
@) A€ arqg max d(A)

AeRM
Then .
argmin (P) = B n F (£)
([N
atq min {V(x): h(x)=0]}
XER"

where : 2 no%w min M<O&+»4rmx;
xe R"

F={xeR": hix)=o]

h..mv Thes wxoﬁ_%m o Em@?» mechandsm ?s
?.so:sm the set &. mﬁow&\ minimizeys T:.
the premel problem from the set of
minimizers B , aSsoclated with the
dwal problem. A wmsmw.‘ﬁos assumption
.%.Qmm a v..m simpleficaton. ,_\

ERTE RERE RS - o.oav w

Remark :

.muﬁmwnolm\ml.. each set arg min contains exactly
one element re. is a singleton
!

/=\ Pﬁu Sm‘s Aw,v =
|
(%1 m

HM/00C /45.6

J o?@: true

BnF

I
%}

Then either: X ¢F  or X e€eF

J
?wummw:m = g

"

G;mw be true

M a contradiction [

ot %} =J%]aF




HM /o0C/ Am.ﬂ
{ (45.6) Dualty - based procedure for solving (p)
, Assume : o T = convex on R™ | Ok Cf (P) _
'S convex
: T = %m@@sﬁpim ot y =0
; . 1 e
_ ch easy to check but ﬁs&£ oK _
o that the singleton hy pothescs (s vald.
_&}os is oK\
1 Fond: ‘
*»w = arg max d(}) unconstracned
i _ AeR™ optimization
3 &mm. used
d i bl
1 Nm‘ w = arq min M<C& + »4:?&
m xeR"
, N unconstrained
“ optimization
i Then : X =x
] ) |
w fw*.oﬂ _ui_si problem (P) ’




HM /00C / 46.4

In practee:

@xo@qﬁ T:. V= wspmsa\?.n & he= Pm%m

using procedure (15.6) is havder Lhan

(t seems Since we cannot @@ﬁ a nice (%)

formulo. for d (A)

= cannot eastly fend A n this wey
Wseof a * trick” S.&@f overcomes this
problem , and also often makes things
work moﬂ non-convex (P) as well.

The trick (s to modify W to &, (r>0).

T, (4) 2T Y) 4+ £ lgl* «| ougmented

12?}9:05

?: ction

*» By a niee ?«3&9 ?., d(A) e meon one
which can be maximized analytically.
Quwr ?«559 ?s d() .&3&.". a value ?1
d(A) foeo.g\&.__ @mef but ¢s not eany
£0 maximize Pso\:,._top:a.

“and :

HM /00C/[46.2
Then, for big enough r

Ty = approximately quadratic in y
L!-\—v.-ia-xl - A
* with nice 83&@@@:@ Simm:aso@m ~

 rmei e e — e o

Substituting T £ Ty , we can re-do the
:&»&hf ¢.@o£._ Lsing :

. ted
i me (o] ]S
AER™ %F:oto:

——— —— . + -

?1 which the opne,f‘??r»p»bﬁo ?.,BFS s

de (A) =min {VE)+ Lineal+ Sho]

xeR"
Then | we get mmw:,
{ = max 4,0 with & L-vrco)
AER™

[independent of v]

A

X =X =arg min {02 IS ATh(0))
_ XeR" 2
for primal —uwoims‘.

(P)




HM /ooc/46.5

Nothing much has changed so far ...
o what (3 the point of making the Psm_soz."&:.osmw

The tmportant wr?w s that :
Emmwmefww ﬁe,saj....ﬂh. h
A=A+ ch(R), VA (%)
| depends on 1 |

- o ph—

with Pgsoxgp\io: ervov
%03395 as v (nereases

S————

wheve

X=arg min { VCX)+EIRCOIATh (0]
XeR"

>§9Nmsw oosm@wsgom..

(8) provides o way to T,i ) aecurately
(if v s big enough) without us needing
o nolee mo«?ﬁ? for d(A)

Aoq Tﬂ o_.‘;.vv.

HM /00C/46.4
Motcvation g_ﬁos (£) :

As._p_?.sm the " 2.56?: pwwﬁzw?,os_. and
using the P%Zpor @312“@0_ in the proof

of Th (14.3))
Vix) if h(x)=y

Constder: —jl too (f Ici

min :?iuﬁm:__plﬂ (%)

xe R"

wer™ 1
F@ the minimizers X % Y ,.

! .,A_?_._Tm __..:_~+>4m_ ]

= Mmin  muin

XER" yeRr™

/Lvﬂv.... each x I.nrm minimczing
yos Jx)=hx) (&)
as tn the proof of Th. (14.3)

4
L 4
-




HM/ooc /16.5

2= min JVO)+ L hG TRGD] (Y)
xeR" *

U S —

- pa———

the minimizer here 3:w¢ be the
for (#) (and vice versa),
So, from (£), the minimizer *os (#)

mintmezer

must be l .&mxv h(X).

g —— e vem e e -

mF§§9§.Ne.£ :

o the minimizer X for (%) =
= the minemizer X .T:. (X)

o the Em:m._:e.N@s v *os (#)
= h(X) where X can be

?F:A vm mincmizing AKV

HM /00¢C [16.C
Also | qoing back to (#) aqain :

min wu?ﬁJe f__t:.w
xer"

4eR”

min min 4 Jlxyg)+Liyite Ty
Jmaa XeR"

Lr@+ongit+imyl @)

u\_u. mun

e -0

the mincmizer here must be
¢.@ :.Se::uf. n ...r Axv T.. A..f

i —— B

wm@.? e._mﬁs
(s

= min Tiofﬁﬂlov 3 oqu___ +> w Qwv
amas L T

_ A-st - ovrder expansion ?s ™ EV

w Lth swwxox::pro: errov wspswﬁ

by £ __,t_N oforois _:w @:os@s

-

o quadvatic in Y, ?s which the

minimizing Y = [Vr(0)+A]




HM /00C [46.7 HM/00C 6.8
Now , we con stabe “the mulbipliev 8592.?5._
, I.% MQ.:‘?V._.».U_ ._u.ﬂ\.m." rmmV ; .ﬁoﬂ wof\osau min #/\C&. rO&HOw
L xeER"
; .

and based on gsr.f but does not need
a ncee T::.LP Ts d(A1). e

Hence !

rm.\ogw@ Wwe arque that | stnce 01.
w«orﬁms‘.m (L) and QC are onxox?:pu
fbu the same , their minimizers

mnrﬁmv and ~L [Tw(0)+1] are . - The Multtpler Algorithm
\Pw?ox.e;%@f Qh&;s o Choose Scalars v, >0 ,¥>| A,e R™
© That is: Set Awno
— V() £ )4 rh(%) 1) [ At iteratwonj] Find
ﬁ with 9.%<oxm§mf.os error M_. = arq min ) .M Vx)+ 9 :x;&\f »W:Awi
o_@owapﬁ.sa as v (ncreases _ . xm¢a.~ 2
uscng a standard &w. 7% unconstracned
. A - optimization
ce. A = A+rh(X) ————e- B i .
e K e B I RS WSS PR

with 9}.405,38:05 ervov _

&@B&Pw%@ as r (ncveases .‘,.12*\_, An ) ¢ thes makes A ? Qan 923’9?
2 to A which Umproves as j tncreases
which s AWV ) as _&ms?@m. stnee " thcreases SQ%A_.

S . -
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to 30293 _

4) Set j={t1 and 9o to 1)

k:
Remay 1t (P) + $00 sas

Soxopw%@ 8&, I

. w.». —> X for (P) i go?ﬁm».r.nl _

mwow m+@<9¢o_sm When !

@ i iw.h.:_ <g  fan paﬁ:p?. approxim.
to satisfaction of
h(x)=0 has been
achceved

=>| ho w:@??opiq
Orpswm dwring

last  (teration




HM /00C /41%.1
u:oﬁ??gf constraned optimization

min  §V(x): h(x) <o}
xXeR" _

JohR"erm |

.\m.o. hi(X)<0 ,t=4).,m _

(Icp)

Feascble set F = ._.xm.m:” h(x) <o

w
={xeR": h:(x)go,t

n

(ICP) us called convex cf§ v, he,C=4).ym,

avre econvex

e.q. m=2
ha(x)<so \__»SMo
he(x)=0 — { h, (x)=0
G

= ?83 = oo;<@xw = M F= oo:<mxw

?...3%

HM/00c /479
Optimality on convex F

Consider an 9;25..4 convex set F .

A\:.m.v ....._..IV A

x € F minimizes o convex ~0. %F:O?.o:
V oonF

TV (y-X)30 ,VyeF
— ;

te. YV(%) and QJ,: make
an angle 8 =930° between each

other —
eq. men V(x)  where V(x)=ixn*
XeF
TV(X)=dx a
x =point n F
| hearest to
y-x the oz.we.s

~
* 0

Remark ; (13.2) (s a wseful 01239?.«“_ condition




e bt e o

HM/00¢/47.3
P,oc_ﬁ Om Th. (13-2) :

Have to show that :
o..v A - . . << ANt .|> >
(@) x =optemal if \ (x)7 (y xgvo.f._mb
A
(d)
(o) m%ow«cso\ﬁ (o) (s *.ro\awm e i
JyeF st TV(X)"(y-%) <0
fﬂoqm we show only (b)

So, consvder such a Y oand  x -

VV(X)
4 A A
Xy =X+ w(Yy-x)

€EF ,vYwelon]
|

_ TM_ Q:<mxm£ of F ~

-

For smal w >0

V()= V(X +w(y-%))

V(x)+ WET [w(y-%]

If?

HM /00C [ 17.4
Hewce , fov small w>o0:

), < V@K)

VIxu) = V(%) ¢+ w VV@R)T(y-%
r _J

‘<0

= *o« small @:osur W >0

X, € F
V(xu) <V (x)

= X 4 ol&Sg on F

Duality for theguality - constrained optimization

o simelar to the mmss_».f -constrained case
but wcth a o:.mos@:« perturbation *Fsor.os”
¥

, !
MY)= min [ Vx): h(x)sy]
XeR"

Q«.S:HW % (ICP) = convex] =>

= ﬁ.:\ = convex _oz %s‘w




HM /00C /41.5
An important property of W for inequalities
NOT shared by W for mﬁ&%&%w ) Us

(T w@)svg) i §sg

A

3092“3 Ye mm,. »<_”A~

Proofi  det Fy 2 fxeRr": h(x)<y]

™Y §ef > Fyerg

becaunse :

[ efgl > (h01 6§ <7} > xeFy]

Now :
T ?wv = mdn mixv._ :QVM...:
xX€eR"

=min V(x) = V(X)

x€F.. )
i fovr some mintmizer

o~

X € _”w.

HM /ooc [41.6
Then G <7

T(§) = min V(x) <V(X) = T(j)

x€Fg _

-

~

Ssthee x € _..m C ﬁm
SO X may not be optimal
e

Le. ()< w) f § <y QED.

Hence W (y) decreases as Y Uncreases :

/

Ty) _
o] K
(13.5) Th
T u* T S %qumimsim at Y=o
._uT@S J 44_\ AOV M O

meanthq 9 (o) <0 LA, m
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Aﬁ.S M w.%_uowm T LS %.moa:isr_m at 4y=0
and x solves (TcP).
Then: . A .
vw(o), =0 f hi(x)<o, vi
and  UW(O)Th(x)=0
constant V
bW ficat t
Plousc vo_\eTo?w.os @W: ours
case m=2 .
4 i
:Aﬁxgno
7
hy (x)=0 .-
Heve: . | hy(x) =y,
hy (x )=0

hy(X) <O and

§m=,<ﬁxv..rlxvmo M H<ﬁmv\<w59=up
xeR? rvﬁxu%m»
(g ,

e w([2])= VA,V mséfq
Ce. 2 W(0)=0 f h,(%)<0 B

as clacmed.

HM/00C /138
Further:

Vi (o)"h(x) uaw..*ie he (X) + 2T (o) -hy(X)
1 rl_.lL WY
1=9]
-— “o
% =0 as gpaim&

this always happens in the tnequality |
constrained case

For the ?mms&rﬁ constrained case, the
mm:?:fu constratned &s&e&m_ ¢rooJ on:mm

m3<3@m the constraint A 20 g 921.%07
mxpof as _Q@TB

GE

» %‘m?m :

G:SM min M:Qv+>4i
yer™ |

Then e have the Same opmmf - evaluatoble
formula for d(1) when A >0,




HM /o0C [ 4%.9

(.3 Th ”:n A20: d(A) s also qiven by:
d(\) = min #<93+ A" (x)]
XER"

E.. (some of +the proof is a WKitle %moﬁg.&.
Jdeb
«.x. = <Axv L {va
u ._: m 4 co LM. h(x) Ma
f
6 = mun A‘NAX.M‘V&. >44M

xe R"
sm%;

Conscder

Then :
B= mn  min

xmis_mm%s‘.*uﬁx.gv... 74.”:

S

sthee u?..:n o

W h(x) £y

mun mu?.i + »ﬁgw
dmIm_xs : h(x)<y]

Mence - HM /ooC / 47.40

0 = min - min T\C& +ATy
xeR™ ye{yeR™ h(x)<y]

because Y(xy)=v (x)

—m rmxv Mm
- \_\|!_

= muwn mn M V(x)+ M.> ..?

xmgﬁ m t=\
Ye {ye R™ b (x) sy, i=1,,m}

= min { Voo + 2" h (0]

mosn@. X€ER® .
c =helx) Il
as A; > mon Mix: >4rgw
XeR" "
d(A) of Th (173).
w&n also :
= min min {Jlay)+Ny]

gm_wa xeR"




HM /00¢ /11.
So: \ \wi

B == min mcn h.mmx.mu.f»/ﬂmw
um R™m mexm_ﬁ:.. rAxw Mm_w
T
as umx&uﬂ...oo of r?&*m ,

= min  min {V(x)+ ATy ]
yer™ xmmxm%;”rﬁxvmm_w

because Ty ) =V(x)
eﬂv rAxV M¢

-

I

mcn men <mxv .+>.—.
yer™m Xe{xeR": :o;mm: Y

mcn ™ ( w+>4 e
yeqm Y y Q_%;
of Def" ::m

d (1) oﬂ..a&; (43.1) =6
=d() of Th (47.8)

r———

Hence ;

QED
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Jn wssspé :

Jnequaldty constracned problem:

min {V(x): h(x)<o} = ¥ (1ce)
XER" _ A
h: R"— x.«u
Perturbation ?sowe.os..
T(Yy)= min {vix): {xvm.“;
xe RrR" A
Y(0)=V
Dual function:
Q_CV - min Tl.t.:qi :m.c

yer”

mpw.“:“_ - evaluatable formula for d (A) .

d(A) ¢s also glven by:

d(A) = min JV(x)+ N h(x)] (18.2)
xeR"
3@9?.‘5..
only when >.Vo )20 ¥i=d,.m

_ HM/00C /18.

| Using definttion (48-1) of d(A) until further
hotuce , an outline of duality .«r@oi
?« (Tee) ?zoﬁm..

Mxp&f s tn Th (44.2).

d()) <V ¥ AeR™
N1
V VA0

@83) 4 <

)
|
i
3

>mmF3§w ‘T.o.s now on that:

i
|
i
i

! *m
e T

we have :

{184 d()= U where

S convex on RM

ts de _?\«@:S.Pi@ at y=0

A
A=—Um(0) =0

\ﬁ .

whknown




: HM/00C/48.3 HM /00¢/48.4

: Hence Tos (48.3) and (48.4) : " (13.5) l..El Under +he above conditions :

(125)  max d(A) =V =min { V() h(x)2o0] arq min (ICP)

A20 x6R" y ! )

_ ] - T ‘mg«m men *<.C;+ \/:;x;ws Mxm%;” rO&MOM
M &r.@ %9@ ...Orf@s‘_ .WT@ 1«.0«39% wﬂ.ow_,@eﬁ Xmaﬂs

. ﬂ AHOMV (TCP) i

q - oY N

L {arg men { V) + FTh (] 0 {xe®": X (31 o]

xe R" r\lﬂ,l

Since ,>V\c in the dual , we can use the

] %33 ) v T A /’
© eascy-evaluatable Pormula, for d in the dual, (o) h(%) =0 |
* 595”5@ the solution of the dual problem A Th (1.6)
and A =-Vw(o)

wom@:f, &£ w<90?.o?r$ .
A

A the scngleton assumption (s vald :
4 We can fend X for (ICP) from X : i 1 P

‘ — | _ ‘ » =% = a9 min M<Axv+ »._,rmwi .
actually wuncque ) found by ] x €R" |
395.33%@ d. f for enw.wuﬂ

A . osm can @o on +to use 89&5@:*@& duals to
derive a anultipler alg. for (ICP) all
stmulowr to ons?ia constracned problem .
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Quodratic wxomspssgm The 251@ u@osgé of such F enables 459_\
A<@£ .“sawosgiu Ts various wa:osf.o:& | solwkbcon methods to be g@<@~o_umo, or Q.Ps.
Means of mor::m % o wsﬁB&S program, | Solution of Q.Ps
which s an optimization problem of the kind : For our standard quadratic

. . | the unconstrained qlobal minimizer s 10.,._?
min ngipz_ w:pgspfo : A% w b

XeR" _ For +he QP : theve ave 2 woamim situations :

erme | O ®

~Cb eF
Practical applications of QP’s tinclude: ¢
. T:%sm seavch dcvections for some lLe. D(-C'b) <
advanced olgs. Obviously in this case & _ _ -1, 5
o constrained optimal control problems X = | solved
Feasible set mumxm:wzuaxm.%w m @ .lﬁ;wm_u more 3
[ 2. ) 4F Wkely ~Cb
? )mg._. e V
convex . L.q. K How to %...SQ m \.\
... Co 3_u8w9¢.o:9=¢ R
*P / ’ Al
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In case T :
Q@ow 9?2._» mmpro&_m&& om ﬂL
T
Mxm%._.. some selection of

the rows of
D'x =¢
are sakisjred as
@o«c\&r.ﬁ constraints
and DTx<{

Hence X (for @P.) con be found by :

o for eoch 13?.5@ selection of the rows
of Mx={ , T.sop the corresponding

o_u.w%:&( X

N e
apmu as V= m_.:p%?f.o and each |

row o* e..,xn*,. vs & Unear

om:\&\i& constracnt

——— T ]

o check ?:. ._w@?m...wz\e&m Om any suth X

HM /00C/48.3

o choose the ?ﬁz&m X which qives the Least
o_o+m§,n9f.os cost
AS@»« among all o_oisi Xs ¢n F).

= optimal X ()

BSPemJ %os Q.Ps
The 1:.;3&( Q.P \s:

min Ms._. b +Mx4ox : Pax.%mow
S _J

xeR" ~ T —

V(X) = convex A h(x)
ol h¢(x)are

\ convex

_uwe,s‘_& _o..cr_ms (S tonvey

—{ )|

T = convex

(%) mony Q.P. algs work Uke this but choose
the xs to be tred (n an intelligent way
So dhat not all of them are needed.




’ HM /00C/48.9 _ HM /00C/ 48.40
Provided the Slater constraint mﬁsp_....?.osioz

= m! V T
d(A) H.m_“ﬂs*. (x] + A roaw is satisfied :
=min {(a-N§)+(b+2"A)x +4 x"Cx] | min { V(x) 1 Dx s =V
xeR" x€R" r L |~
wadratee —
- AQ()A*H IM.AT+B._.>V._.01AAT+U.—.>V \ - .NI| max &m»v \1—
. n_u . E.ﬂ. wﬁ._s&‘_ (18.5) A>0
Mindmumw o% o stondavd AeR™
unconstvacned m.Fo.a_sc\f.o R L ¥
. . M., 4 P,
Fact: the %o.»»f .&ms?mimi that : /=\ N\ / he duat @.P

T SV be %amasﬁpim at y=0 *oa Q.P. can be ?;sm eascly a?os

can be 6198& f the Slater constracnt ?., the duel Q.P < (42.6)

B«;QrTS?o:_ | Often : m <<n :
n .
J xeR": Dx <f then constrained optimizaktion of the
,~ m l;s Can be much eascer than devect
,mr%. (Dx); < }i _
\, constrained optimizakion of the n x;s ,

=> Lence the 1o$s¢.& oo_s_o:&o&.osﬁ

@ very reasenable condition |
mmu:o?oo&o@ of the cual problem

assumed do be satisfced here
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HM /ooc/18.M

dinear programming

(also very important for applications)
A J_aoﬁ tneor program is '

min anx : Dx m%w
xeR"

A op Weatcons

° ow¢n3mN9¢mo: (h €eConomdlcs
. o_og:?e contyol

The Corners om €
are called (ts

extreme 12.\:.? .

m?r&\ mencmizer mo‘w a L.P
ts an exireme point o% F

Ix: Dx M%mL_

| HM /00C /48,42
nosmmmsasoo..

Many gmolwrsm ?q soluing LPs find all
extreme points of F, then ?_c_ an extreme
point quving least cost , and that is an X
>o¢sn§ , those algs. iterate so as to consider
o:\£ extreme points mn_\e& lower cost than

does the cwrrent extreme point.
Duality for LP:

The primal problem (s -

Se.: A x*.moW

4 _ rO: with convex h;

V(x) = convex
L

primal w«oraas_ = conveyx
/2

M = convex
0::".3; {VO)+ ATh (o]
XeR"

= mown ﬁly.qm + A.N.....U,_.PVA.XW
XeR"
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13.8
(13.8) Lemma, d(A) = -00 & z+D7) #0

wxoom " u*.. z +D") #0, constder

X 2 -0 (x+Dd7)) , 6-scalar
=N+ (DN X = -0 )z £ D
whith can be made as :@w?w?m as descred

E So.scsw the scalar © r:.w @:o:ur.
Hence one can make A" L+ (24D vax

Then «

as soap&%@ as desired. J o_‘.oo:.sm X appro-
w:.\?wmf , which vs what vs meant _ou..

mn Mlyq%.—. AN+G...>V._.XW". — 00

m:
X €ER N

—

Now : assume the Slafer constraint A:&»f

.?,op\wmo: vs valud.

HM /00C /18.14

Then : .
min Nuax“ Dx £ u <« _ the 1«.“3& w.&
XER"

i
V = max d (A)
A20
—
mmSO@ d(\)= ~co = max QA>V = max A\.\/.ﬂ*.v
wheeh cannot A20 A0

be maximal mm 2+D\ =0 24D\ =0

\ )
2+D'A#F0 [

we tan ?Q@w out such
nOR- Maximizing As r.“_
%ESN_ the constraint when m <«<n
24D\ =0 q.-i-z

J}@ dual L.p. |
_uo+m;29=.u sﬁ?»

_
d Q) QED .

————

Zof@” you could not rowm to mc._mf.f write
a uoo& alg. ._woﬁ LP or QP ...

use the excellent (and very sophisti-
oﬁ@mv pe._oB‘J pregrams .




