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BFS (review CoMP 150)

S={} /I set of vertices for which we know shortest path
foreachuinV,
d[ u ] = infinity
parent[ u ] = null
visited[ u ] = false
initialize empty queue

/I length of shortest path
/I previous node in shortest path

queue.add( startingVertex )
dist[ startingVertex] =0
visited[ starting Vertex ] = true

while queue is not empty

u = queue.remove()

adduto S

for each edge (u,v)

if I(visited[ v])

queue.add(v)
visited[v] = true
parentfv]=u
distfv]=distfu] +1

/I for each v in u's adjList

/I shortest known path to v is via u
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McGill University, Sherbrooke Street West, M "

The White House, Pennsylvania Avenue North
Add Destination - Show options

GET DIRECTIONS

Walking directions are in beta.

Use caution - This route may be missing
sidewalks or pedestrian paths.
Suggested routes

U.Ss.95 914 km, 188 hours
us-11s 945 km, 194 hours

Or take Public Transit
(4 transfars)

16 hours 1 min

Walking directions to The White 30k
House
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Dijkstra's Algorithm: Given a graph G = (V,E) and vertexsin V.

forall uinV, initialize dist[ u ] = infinity

S = {s}

dist[s] =
choose "best crossing edge" (u,v) as defined earlier
addvto S
dist[v] = dist[ u

S

howf?

while | S[<|V[{

] + cost(u, v)
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Claim: during the execution of Dijkstra's algorithm, for each uin
S, the algorithm has found the shortest path from s to u.

Proof (by induction on the size of S):

Base case: if |S| =1, then dist(s) = 0. (trivial)

Induction hypothesis: the claim is true when |S| = k.

Induction step: if claim is true for |S| = k, then claim is true for
[S| = k+1.

Let v be the k+1-st node added to S by Dijkstra.
Let (u,v) be the crossing edge chosen by Dijkstra, where u in S.

Let P be the path from s to v found by Dijkstra, namely (s, .. u, v).

By induction hypothesis, (s, .. ,u) the shortest path from s to u.

Could there be a shorter path from s to v than the one found by
Dijkstra ?




Take any other path P*from stov. Letx be the last vertex in
S along this path P*, and let y be the vertex that follows x.
By definition, y isin V\ S.

cost(P*) >= dist[ x ] + cost(x,y) since edge costs are non-negative
and y might be different than v.

>= dist[ u] + cost(u, v)  since Dijkstra chose v
rather than y at step k+1

= cost(P)

[Proof still works if x is u and/ory is v.]
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Q: How to decide which is the next vertex to be added to S ?

A: Use a priority queue (pq), whose priorities are distances
of the shortest known path from s to v, where vin V\ S.
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Dijkstra's algorithm (find shortest path from a given vertex s)

/I initialization

S={}

initialize empty priority queue pq

foreachuin V
parent[ u]=null /I u.parent = null
pg.add( u, infinity) /I add all vertices to pq

pg.changePriority( s, 0)

/I see next slide for the main loop

while pq is not empty {

u = pg.getMinVertex() // slightly different from
dist[u] = pg.removeMinDistance() // IndexedHeap
S.add(u) /I in assignments

for each v in u.adjList
ifvinV\S{ /I (u,v)is acrossing edge

tmpDistToV = dist[ u ] + cost(u,v)

if tmpDistToV < pq.getPriority(v)
pg.setPriority(v, tmpDistV )
parentfv]=u
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How much space and time does Dijkstra's algorithm take? A AV l
SSigNen
Recall we assumed there is a path from s to all nodes. 3 \ B‘ L shvn
. S\DV\B o) 1 S
Space: Each vertex u in V enters the priority queue once. \V\/\f}f«v’\‘“‘)r Twe Ve J
So the size of the priority queue is at most |V|. Jersion ot

Time: There is at fnqst one pg.changePriority() per edge in
the graph. If the priority queue is implemented as a heap,
then each update takes O( log |V| ) time.

So Dijkstra's algorithm takes O( |E| log |V| ) time.
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