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S =  { }                              //  set of vertices for which we know shortest path
for each u in V,   

d[ u ] = infinity             //  length of shortest path
parent[ u ] = null   //  previous node in shortest path

      visited[ u ] = false
initialize empty queue   
    
queue.add( startingVertex )                         
dist[ startingVertex ]      = 0
visited[ starting Vertex ] = true

while queue is not empty 
    u = queue.remove()         
    add u to S
    for each edge (u,v)                  //   for each v in u's adjList  

if  !(visited[ v ]) 
queue.add(v)

                  visited[v] = true
parent[ v ] = u               // shortest known path to v is via u
dist[ v ] = dist[ u ] + 1 





Dijkstra's Algorithm:  Given a graph G = (V,E)  and vertex s in V.    

for all u in V,  initialize dist[ u ] = infinity
S =  {s}   
dist[ s ] = 0  

while | S | < | V | {   
       

 choose "best crossing edge"  (u,v)  as defined earlier
      add v to S

 dist[ v ] =  dist[ u ] + cost(u, v)
}





Claim:   during the execution of Dijkstra's algorithm,  for each u in 
S,  the algorithm has found the shortest path from s to u.    

Proof (by induction on the size of S):     

Base case:   if  |S| = 1, then dist(s) = 0.   (trivial)

Induction hypothesis:  the claim is true when |S| = k. 

Induction step:   if claim is true for |S| = k, then claim is true for 
                                                                              |S| = k+1.  

Let v be the k+1-st node added to S by Dijkstra.
  
Let (u,v) be the crossing edge chosen by Dijkstra, where u in S.   

Let P be the path from s to v found by Dijkstra, namely (s, .. u, v). 

By induction hypothesis, (s, .. ,u) the shortest path from s to u.

Could there be a shorter path from s to v than the one found by 
Dijkstra ?   



Take any other path P* from  s to v.   Let x be the last vertex in 
S along this path P*, and let y be the vertex that follows x.  
By definition, y is in V \ S.        

cost(P*)  >=  dist[ x ] + cost(x,y)  since edge costs are non-negative
                                                      and y might be different than v.

             >=  dist[ u ] + cost(u, v)      since Dijkstra chose v 
                                                        rather than y at step k+1
                      
              =   cost( P )    
                  
 [Proof still works if x is u  and/or y is v.]

Q: How to decide which is the next vertex to be added to S ?  

A:  Use a priority queue  (pq), whose priorities are distances 
     of the shortest known path from s to v, where v in V \ S.

Dijkstra's algorithm (find shortest path from a given vertex s)

// initialization 

S =  { }  
initialize empty priority queue pq
for each u in V   

parent[ u ] = null              //   u.parent = null
     pq.add( u,  infinity)       //    add all vertices to pq
     
pq.changePriority( s, 0)

//  see next slide for the main loop

while pq is not empty {
                                                          
    u          =  pq.getMinVertex()     //  slightly different from
    dist[u] =  pq.removeMinDistance()    //  IndexedHeap
    S.add( u )                                              //  in assignments 

    for each  v in u.adjList    
if v in V \ S {                  //   (u,v) is a crossing edge

          
tmpDistToV =  dist[ u ] + cost(u,v) 
if  tmpDistToV  <  pq.getPriority( v )   

pq.setPriority(v, tmpDistV )  
      parent[ v ] = u

          }
     }
} 



How much space and time does Dijkstra's algorithm take?   

Recall we assumed there is a path from s to all nodes. 

Space:  Each vertex u in V enters the priority queue once.   
So the size of the priority queue is at most |V|.

Time:  There is at most one pq.changePriority() per edge in 
the graph.  If the priority queue is implemented as a heap, 
then each update takes  O( log |V| ) time.    

So Dijkstra's algorithm takes O( |E| log |V| ) time.


