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This report discusses some topics in discrete time stochastic control, specifically a paper by Graham C.
Goodwin, Peter J. Ramadge and Peter E. Caines published in 1981.



Glossary and Notation

State space representation of system:

Xpp1 = Axe + Buy + Kwy

Vi = Cx¢ + Wy

ARMAX representation:

A(@ Mye = q7B(@ Dlue + [C(qD]w,
A@ Y =14+aqg7 + ..+q™"
Bij(q™") = b}y + bl;q " + ..+ bjq™™

Cil@)=cl+chqgt+ ..+ cl-qu_l

Glossary:

X;: System state vector k: Maximum delay, i.e. max (n,m + d, )

u;: Input vector X : Initial conditions

y;: Output vector 0;: Estimate of algorithm system parameters

(Note: 8, in the paper)
y:: Desired output
1 - del ) 1 6*: Actual algorithm system parameters (Note:
q~ " : Unit delay operator, i.e. q"'y: = y:_1 8, in the paper)

s : Dimension of output y, ¢ Algorithm state vector

r: Dimension of input u;

Variable Simplifications: Special Notation:
A A
ve = Ve — E[yelFe—al X1t = {X1, X2, o X}
A . A
e =YVt — Vi a.s.= almost surely

A *
Zi—q = Eye|Fe—al —yi = e —v;
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Introduction
In 1981, Graham C. Goodwin, Peter J. Ramadge and Peter E. Caines published a paper entitled “Discrete

III

Time Stochastic Adaptive Control” in the Society for Industrial and Applied Mathematics’ (SIAM) journal
Control and Optimization. Their paper established the global convergence of a stochastic adaptive
control algorithm for discrete time linear systems. This algorithm could “learn” the system dynamics and

asymptotically perform as well as could be achieved if the system parameters were known.

This report aims to summarize and discuss some of the results of their paper. It starts by giving the
reader some background on adaptive control, formulating the general problem and explaining how to
move from a state-space to an ARMAX model. It then, in our opinion, clarifies the resulting SISO unit-
delay algorithm by rectifying a few typos and tying up some loose ends. Finally, it walks the reader
through the proof of global convergence, concludes with a few general remarks and includes some
simulation results in our Appendix C.

Problem Formulation

Background
The general discrete adaptive control problem can be formulated as follows:

Xey1 = f(X1.60 O1:00 Unie, Wrie)

Ve = 9(X1:, O1:6, Uit Wait)

Where x; and y; are the state of the system and observation available to the decision maker at time t
respectively, and evolve according to past state values x, control inputs u, and some noise process w.
The dynamics of this evolution are known, excluding the set of (possibly time dependant) parameters 6.

As a result, the decision maker must choose a control policy with an incomplete understanding of the
governing dynamics, and is thus faced with the added complexity of learning the values of the
parameters 8. Depending on the specifications of the control objective: regulation, tracking, cost
minimization... etc, and time horizon: finite or infinite, the decision maker must determine the control
inputs, faced with a tradeoff of between trying to meet the current required output or better
understanding the dynamics in hopes of improving future performance.

There are two major approaches to adaptive control: implicit and explicit. In the explicit case an
estimate of the missing parameters is computed online through estimation and the control policy uses
these estimates to determine the control input. In the implicit case, the control policy is updated
without explicitly computing the missing system parameters. In the paper being considered, the authors’
algorithm takes the latter approach; while a set of parameters is estimated, they represent parameters

in the control policy and not explicitly the missing system parameters.



Intense research in adaptive control methods was motivated by aircraft control in the 1950’s. Aircrafts
have highly non-linear dynamics and so would be linearized about several different operating points
depending on flight conditions. Control engineers were looking for innovative ways to deal with the
resulting parameter changes and turned to adaptive control techniques [Robust Adaptive Control].

This particular paper looks at systems where the governing dynamics are linear. The authors however,
prove their results for a class of systems in auto-regressive moving average (ARMA) form. This may be
unfamiliar to those used to working with a state space representation (as was our case), and so the
authors included a transformation that demonstrates the equivalence of the two models (Appendix B).
The process is very similar to changing a state space model into its s-domain transfer function
representation and will be discussed presently.

State-Space to ARMA

The authors start with a fairly general model for a discrete time stochastic linear system:
Xepq1 = Axe + Bup + Kw,
Ve = Cx¢ + wy

Where x;, y:, us, W are the system state, output, control input and a stochastic process on (Q, A, P)
respectively, and A, B, K, & C are matrices of appropriate dimensions. As we are dealing with the
discrete case, t takes on discrete values. It can be shown that this system can be put in the equivalent
auto-regressive moving average (ARMA) form:

Equation 1
A(@Mye = q7B(@ Dlue + [C(qD]w,
A HY=14aq7t+ ..+q™"

Bij(q™") = b}y + bl;q™* + ..+ biq™™

CilaD =c)+cha+ . +cliq™
Where g~ lis the unit delay operator, 4 is the characteristic polynomial of A, and [B(—)] and [C(—)]

are (in the most general case) matrices of polynomials. (Please carefully note that, with the exception of
A, there is no simple relationship between script and plain text variables, ex. B and B.)

By recursively applying the state update equation, it is found that a future state (at time t + k) can be
related to an earlier state (at time t) by:

Equation 2

AT Bugyp—i + KWepk—i)

k
X = cﬂkx +
t+k t

i=1

Letting A have characteristic polynomial:



A ="+ a 2" + -+ ay,

The transformation hinges on the Cayley-Hamilton theorem, which shows every matrix solves its own
characteristic polynomial. These results are used to solve for A™ = (- a; A" ! — a, A2 ... — ayl) .
Thus if we take k to be n in (Equation 2) we can sub in these results getting:

Equation 3
n n

Xten = — Z ajcﬂn_jxt + Z cﬂi_l(Ban—i + KWein-i)
j:l i=1

Further, if we rearrange (Equation 2) to describe LA™/ x, forj = {1,2...n — 1} we can sub this back into
(Equation 3) and after some index manipulation we get:

Equation 4

— -1 j -
Xt+n = — 27=1 AjXtin—j + Z?ﬂ An—j =g A 1(But+j—l + -'KWt+j—i)

+ Z?:l ‘Ai_l(Ban—i + jCWt+n—i)

We can then multiply by C, add w where needed and use y = Cx + w to obtain a linear equality
iNvOlVINg Y¢.(t4n) Ut:(t+n) AN Wi.(¢4n)- This equality is of ARMA form and, with some attention to
detail, the coefficients of the entries of [B(g~1)] and [C(q™1)] can be computed in terms of A, B, and
C. Many of these details can be found in the paper’s appendix B. With this equivalence established the
authors prove the remainder of the results for systems of this form.

Specific Objectives

The objective of this paper is to prove the global convergence of a class of adaptive control algorithms
for the aforementioned ARMA system (Equation 4). By global convergence the authors mean that for all
initial system and algorithm states the algorithm will:

R1:  ensure: limsup~YM_,(y,)? < o
N—-oo N
R2:  ensure: limsup~ YN, (u,)? <
N—-oo N
R3: whenever it exists, minimize: 1lvim %2?’:1 E[(y: — )2 Fe_al
—00

In the general case it is assumed that the dimension of the output y is s, while the dimension of the
input u is 7. The deterministic sequence {y{} what we are trying to track. The process {xg, w;,w; ... } is
defined on the underlying probability space (2, F, P). We define F,to be the sigma-algebra generated
by the initial conditions Xy = {Y(1-n):0, U(1-m—a):0, W(1-1):0}, F to be the sigma algebra-generated by
{xg, w1, ..., w¢}, and thus Fy € F; ... € F, is a filtration.



The authors also require the following conditional independence and variance conditions:
E[wi|Fi—1] =0 ;t=1 a.s.
Eww!|F_1]1=0Q ;t =1 a.s.

Note that these are stronger conditions than simply requiring the unconditional expectation and
variance of w; to be zero and Q (which follows as a result of the above).

Finally we require u; to be measurable with respect to the sigma-algebra generated by the initial
conditions xy and outputs {y;.;}, and note that this is in general smaller than F,.

Existence of a solution for the SISO unit-delay case

Particularities of the Objectives

In the single input single output (SISO) case, (where the dimension of the input and output vectors are
one), the authors motivate the objective by first exploring the limit in (R3). Before we discuss how they
proceeded we would first like to explore the meaning of the term ourselves.

At any given instance we seek to minimize the expected square of the error:
E[(: — y)?]
By the towering property of the expectation this can be rewritten as:
E[ E[(: — y0)*1Fe-al]

Where the inner expectation is conditioned on the sigma-algebra generated by all the information that
could possibly be available at the time of deciding on a control input. (Recalling that from (Equation 1)
the control input can affect the output no sooner than d time steps later.)

We now change the exterior expectation to a sample mean in order to capture the time evolution,
getting the term in (R3):

N

tim = > I~ y)?IFed]
t=1

Motivation of Minimal Variance Control Policy

The authors show that the term inside the above sum (and (R.3)) is bounded below by a constant y2. To

do so they first expand the quadratic, then use the linearity of the expectation and the fact that y; is

deterministic (and therefore F;_; measurable) to get:

E[(ye — y£)?|Feeal = E[(ve)?| Feeal + 2z



Where they have defined v, = y; — E[y;|F;_4] ,the innovation, and z; = E[y;|F;_4] — yi. They then
show that (v,)? = y? a constant, and that the algorithm brings I\l]i_r)zzO%Z’tVﬂ(zt)z to zero almost surely,

which proves that in the limit the solution is optimal.

To do so the authors begin by using a lemma in the paper’s Appendix C, factoring C(q 1) as:

Clqg ) =F(@ MA@ +q7%% @)

The details of which are omitted from the paper. However it is worth considering the degree of the
polynomials; from our understanding this decomposition (in the way that its used) seems to require
l+1<n+d.

This decomposition is absolutely critical in the proof since when subbed into (Equation 1) we get:
Equation 5
Cla DW= Fl@DHw) = q4G(q )y + q*F(g)B(g My,

Where every term on the right side of the equation is delayed by at least d time steps. This allows for
two important manipulations.

Firstly, along with (Equation 4) which we recall describes y; in terms of past values, we can write:

a-1
Vo= D fuwei = func(past) + B, q
k=0

Where func(past) is F;_4 measurable. So taking the conditional expectation of both sides, (and
recalling the zero mean noise requirements), we get:

Equation 6
E[y:|Fi—q]l = func(past) + Pus_q

This in turn gives:

d-1
Ut 2 Ve — EyelFeal = ka Wi a.s.
k=0
From this the authors easily show:
Equation 7
d-1

r? 2 E)HFeal = 0 ) (f)? as.
k=0



We also note from (Equation 6) that E[y;|F;_4] can be made to take on any value by appropriate choice
of control input. Note that from the conditions in (Eq.4), S is guaranteed to be non-zero (since by
factoring out the minimum delay d, B(q~1) has a constant term).

These two results (Equation 6) & (Equation 7) really serve to motivate the search for the adaptive
control strategy and the proof of its convergence.

The SISO unit-delay Algorithm
Note that this explanation differs slightly from that of the authors, includes some minor corrections,
uses a slightly different notation, and is re-indexed to start at t = 1.

Setup
Define algorithm state vector (using x;):
T

A * *
b0 = |Yor - Y1-n,Uos -+ r U, =0y s ~V1-1
nentries m+1entries L entries

Define additional scalar state variable:

A
ro =1+ ¢ido

Define 6, a vector of the same dimensions as ¢ that estimates the algorithm system parameters,
either arbitrarily or with whatever information is available.

Updating
Now fort =1,2,3, ...

1) Determine y;

2) Update parameter estimate according to: (with @ > 0 discussed later)

Equation 8

a
0y =01+ . be-1(Ve —¥¢)
t—1

3) Solve* the below equation for u; , noting that it is the only unknown:
L0 = yiia

4) Update the algorithm state vector with the new information:

p— * *
e = Yo Vemnar Ut oo Yt =VEr wor —Vi141]



5) Updater:

Ty =711+ ¢?¢t

*Note that solving for u; will involve dividing by the corresponding entry in 6. If 8, or u, are chosen at
random then division by zero is a probability zero event.

Basis of the Algorithm

While (Equation 6) and (Equation 7) motivate the search for a solution, they do not explain the authors’
choice of state vector in the algorithm above. This choice becomes more obvious when we take the
conditional expectation of (Equation 5) and substract C(qg~1)y; from each side getting:

Ca V) Eye|Fe—a]l = ¥ = a7*G(@ Dye + a7 HfoB(@ Due — C(g™Dy;

Where d has been replaced by 1 (which according to Appendix C causes F(q~1) = f;) and noting the
unit delay operator is allowed to operated on the sigma-algebra. Looking closely we see that this is of
the form:

C@ ) (EyelFeoal — y9) = 16" —y;
Referring again to Appendix C for polynomial degrees.
Explain(4.6) in the paper.

Introduce z_t, e_t, v_t in a meaningful way.

The Proof

Main idea
The bulk of the proof consists of showing bounded mean square output tracking error. Upon obtaining
this result the others (R.1 & R.2) follow nicely. The strategy here is to show that:

N

rli_r){}o%z:(z(t))z =0a.s.
t=0

(Recalling z;_4 2 E[y |Fe—1] — yi = E[y¢|Fe1]l — dF_16,_1 ). The first term is the best possible

estimate of the next output. Notice that it is not computable as the required information is not available

to the system. The second term is the algorithm’s estimate of the next output, given the current system

parameters. This is done by defining the stochastic equivalent to a Lyapunov function.

The major steps of the proof are as follows:



1. Using the “Lyapunov function” mentioned above, along with the Neuveu Martingale
Convergence Theorem show:

Equation 9
NI,
Alm, (r(N)) N;(Z(t)) =0as
2. Asasecond step, show that
Equation 10
lim inf( N >>l>0
N-oo \r(N) K

3. Thus deduce that

Equation 11

N
I\lIi_r)rC}o%z:(z(t))z =0a.s.
t=0

4. The conclusions regarding the boundedness of the input and output sequences will be derived
while progressing through steps 1 and 2.

Proof Details

Base Assumption and Initial Note
Recall assumptions:

Al: d=r=s=1

A2: Upper bounds for n,m,l are known.
A3: C(—=)and B(—)have all zeros outside the closed unit circle.
A4: c(-) - g is positive real.

The following outline more or less mirrors the proof described in the original paper. This minimizes the
amount back and forth for the reader. Some of the less obvious steps will be outlined and explained in a
way that allow readers less familiar with measure-theoretic probability to follow easily. On that note,
should the reader require a refresher, many important concepts of probability with Matingales are
outlined in Appendix A.

Some of the lemmas are left unproved. This is done in the interest of remaining concise and because the
goal of the report was to study adaptive control, not necessarily to delve in Martingale theory or
obscure lemmas.



Proof
To obtain condition Equation 9 the authors, through a series of manipulations, define a stochastic
Lyapunov function V.

Part 1: Obtaining a stochastic Lyapunov-type equation

First, 8, £ 6, — 0" is defined. 8, is the error between the real algorithm parameters and the estimated
algorithm parameters. As the point of the algorithm is to reduce this error over time, this seems as a
good starting point for a Lyapunov function. l.e. it could have a role similar to energy in dynamical
systems: if its value continually decreases, we can expect some converging behavior of the system.

~ T~
Thus, the authors define a new stochastic process V; = 8; ;. Thus, recalling Equation 8 we get:

(Recall that e; = y; — y;)

= T

¢t 1et] [9t 1+_¢t 1€¢

Tt-1

Tt—1
=2

Ve =V 1+ ¢t 1Pe-16¢ + r - " )? Piope-1(e)?
e Te—1

Were v, is as defined previously. We thus get’

=2

2a 2a
Ve=Veq + - 19t 19— 1(et_vt)+_1 9t 1Pe—1Ve + (r
t— Tt Tt—1

+ (v)?]

BE —— Pi_1Pe—1[(er — v)? + 2v (e — vp)

The following variables are then defined

by_1 = —§Z—1¢t—1 = G*T(nbt—l - 91?—1‘1’1&—1
zZi1=e— Ve = Ve — ¥i) — Ve — E[yel Fr-al)

b; represents the difference in the actual output at the next instant (first term), and the next output
predicted by the algorithm.

z; represents the difference between the tracking error and the optimal prediction error. Ideally, the
algorithm send this value to 0.

! Using the following substitutions
et = et - vt + vt

(er)? = (er —vp)* + 2vp(ep — 1) + (v,)?



Taking the expectation (see Appendix B2.1 for some pointers if needed) and then substituting by and z;
where appropriate:

Equation 12
=2 =2

2a a T 2 a T 2
E[Ve|Feoq] = Veog — Ebt—lzt—l + m¢t—1¢t—1(zt—1) + m¢t—1¢t—1(Y) a.s.

Note that for a function V; to be a stochastic Lyapunov, it needs to be a supermartingale and non-
negative. Therefore, some more modification should be made to Equation 12.

Additionally, note that Equation 12 is nearly in a form where the MCT could be used. This would be
desirable as it would provide information regarding the summability of rz—abt_lzt_l. This motivates the
t—-1

next few steps:

Getting Inequality
T T
Note:r,_q = 1y_y + ¢Z—1¢t—1 =>1= T2+ Pt_1Pe—1 => Pt-1be-1 <1
Tt—1 Tt—1
Thus Equation 12 becomes:
2a a2 a2
E[VelFeo1] S Viey ———beo1ze g + —— (2-1)* + ——5 Pi-10e-1()? a.s.
Tt—1 Tt—1 (re-1)

And rewriting @®(z,—1)? = (@ + p)(z¢—1)? — p(ze—1)*:

=2

2a a—p pa a
E[Ve|Feql S Veeq — _{bt—l - Zt—l}zt—l ——(z-1)* + N2 ¢tT—1¢t—1(V)2 a.s.
Tt—1 2 Tt—1 (re-1)

Using

One easily obtain:

_ a+p
hi—y = [C(CI 1)— 2 Zi—q

Where the condition on p is such that C(z) — d%p is positive real (such a p guaranteed to exist by

Which expresses h; as regression of z; through a positive real transfer function. Note this will allow the
use of the lemma A.4 (found in [1]) (Kalam-Popov-Yakubovich Lemma?®). This ensures us that there exists

Sy = Z&Zgzlh(j— 1)z(j—1)+ K,0 < K < oosuchthatS; >0

2 . iy
Sometimes referred to as positive real lemma

10



Then, the following variable is defined:

Z, =V, +—
T Tt —-1)
Substituting where appropriate:
S, 2a pazi_, a?
E[Z|Feal Ve + — ——he12e1 — + 2 ¢z—1¢t—1()/)2 as.
Tt—1 Tt—1 Tt—1 (1e-1)

Notice that the second and third terms combine:

Se_y  paziy a’
E[Z|Fra]l S Viq + - =+ 2 P11 (¥)? a.s.
Tt—1 Tt—1 (re-1)

Noting that r,_, < 1.4

Se_1  pazéy a’
E[Ze|Fra] S Veg +— - + Pi1¢c-1(1)?
tlt-1 t—1 _— ) (re_1)? t-1Pt-1
= 2 =2
— pazi—q a T 2
=Zy1— s (r,_1)? di—1Pe-1 (V) a.s.
By lemma A.2 (found in [1]]):
O LT
¢t—1¢t2—1 < o
= (1e-1)
T
Thus, MCT can finally be used. Taking 5,,_1 = (P(tr'l—d))tz_l, following result is obtained (taking in account
t—-1
that pa # 0):
Equation 13

[oe]
2
Zt—q
—— < o q.s.
Ty
=i Tt-1

Next, Kronecker’s lemma (see Appendix B2.2) is used to obtain a long-range average conclusion based
on Equation 13:

2
Note that in our case, the sequence Zﬁ';lit—'l and r;, satisfy the lemma’s requirements and we thus have
t—-1

n
..nl Tt(Zt)Z
lim—-— ) ——=0,a.s.
n-oon 1, = Ty

Hence the objective of the first part:

11



b e 0
t=1

Part 2. The previous result is used to prove the required claims.
Useful lemmas:

Going back to the main proof development:
From lemma A.5 (which follows easily once A.1 (see B2.3 for some clarifications) is obtained), if we
reconsider our system as having input y; and w;, there exists an N’ such that:

Equation 14

N N

1 2 K1 2 !

NZ(ut) Sﬁz(ytﬂ) +K,, for N> N'a.s.
t=1 t=0

This is one of our objectives: the inputs are mean squared bounded.

Recalling that r(N) is an affine combination of (y,_1)?, ..., We—n)? (Ue—1)?, ..., (Ue—m)? (affine because
the y*’s produce a constant as they are computed offline).

Thus Equation 15 follows pretty easily:

Equation 15

N

K; ) ,
SW (yt+1) +K4,,fOT'N>N a.s.
t=1

r(N)
N

Keeping in mind that y; = z;_; + y; + v; and using a trick similar to what was used in Appendix B2.3 to
bound(y;)? the following is obtained (M, arises because the y* are actually computable):

N N N
1 2.3 2 3 2
D O ST @)+ My 5> i)
i=1 i=1 =1
By:
N
li ! 2
lim supNZ(Wi) < o0 a.s.

i=1

We must have:

12



N
) 1
Alll_r)r(}o SUPNZ(W)Z < ooa.s.
i=1

Thus:
Equation 16
N N
1 2 3 2 "
Nz(yi“) SNZ(ZJ +Msa.s.forN=N
i=1 i=1
Then substituting Equation 16 in Equation 15:

Equation 17

r(N)
N

N
C
< NIZ(ZQZ + Cy, for N> max (N',N"")
=1

i

N’, N defined in Equation 15 and Equation 16 respectively. Equation 14and Equation 17 provide bounds
)
T

for

Proof by Contradiction
Now, assume a sample unbounded input sequence %Z?’zl(yiﬂ)z. If the algorithm is correct, this should

not be allowed and we should have a contradiction.
According to our assumption and by the definition of r(N):

r(V) _

lim sup o

N-ooo

Thus, from Equation 17

N
1 ,
lim =) () = o
i=1

Now define:

_ 1 2
ZV) =5 ) (@)
i=1
Starting from Equation 17:
N
r(N) C;
NS NZ(Zi)Z + Cz} * @) for N >N
1=

13



r(N)<C C, NN
{W +zav>}f‘” >

r(N)Y Z(N) -
(N) (N)_WfOTN>N

Paralleling the original proof again:

since limpy_,q sup(Z(N)) = o0, there is some subsequence {N} such that

lim inf[r(NK) Z( )2 >1/C,

K—o0

Which contradicts:

N

lin (w57 2. @ = 0as

t=1

Thus, by contradiction %Z?’:l(yiﬂ)z is bounded. This proves our second objective: mean square

bounded inputs.

From the above boundedness condition, and the nonnegative nature of %z

supr(N
- p()<oo

N—co N
It is thus rather intuitive that
li N > L >0
A,

Following the original proof, z;_; is F;_; measurable. We thus, finally, have the following:

E{(y; — ¥{)?|Fic1} = v* + (zi-1)* a.s.

N
1 .
,\l,l_r){,‘oﬁz E{(vi —¥y))?|Fica} =72 as.
i=1

And we are done.
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Appendix A: Preliminary Knowledge

Martingale Theory and Measure-Theoretic Probability

A key principle used in proving the proposed properties of the algorithm is the Martingale Convergence
Theorem. In a nutshell, the Martingale convergence theorem is somewhat analogous to the monotonic
convergence theorem in the sense that it provides condition for which a Martingale (a certain kind of
sequence of random variables) converges.

Some preliminary background in measure-theoretic probability is required. It will be assumed that the
reader understands what is meant by g-algebra and F; /F,-measurable in the context of the
measurable spaces (4, F;) and (Q,, F,)

In the special case where a function (most commonly a random variable) is said to be F,,-measurable,
the second measurable space is understood to be (R, B). Where B is the Borel o-algebra.

Definition: o algebra generated by a collection of maps on
Suppose the following collection of maps: {Yy: y € F} such that¥),: 0 —» R Vy. Then, the o algebra
generated by that collection is as follows:

Y= o({w € 2:Y,(w) € B}y €T,B € B)
i.e. it is the smallest o algebra such that all Y, are Y-measurable.

Some Intuition

Say we run some experiment. Some information about w is obtained by observing the result of some
random variable Y. The algebra generated is the collection of events F, for which, for each w, we can
decide whether or not F has occurred based on the Y observations

Definition: Filtration
A sequence {F,:n = 0,1,2, ... } is called a filtration of the measurable space (Q, F) if the following holds:

e [F,isasub-algebra of F Vn
® Tn c Tn+1vn

Some Intuition:

In the discrete space case, sigma algebras can be seen as partitions of the whole space into atoms. As
sigma algebras include all their unions/complements, the second condition is equivalent to “refining”
the space as n grows.

Adapted
A stochastic process {X,;: n = 0,1, ... }is said to be adapted to a filtration (F,) if the following holds:

e X, is F,-measurable Vn

15



We are now ready to introduce the concept of Martingale. Informally, a Martingale is a mathematical
model of a fair wager.

Martingale
An adapted stochastic process {X,,, F,:n = 0,1, ... } is a called a Martingale if

e (F,) isafiltration, and X,,is adapted to it
e X, isintegrable Vn
o E[Xp41|Fn] = Xn, V0

Similarly, one can define sub and super-martingales as follows (respectively favourable and
unfavourable games):

Sub:

o E[X,41|F.n]>X,, Vn
Super:

o E[X,41|F.n]l <X, Vn

One can think of the filtration as the amount of knowledge about the process available at instant n. If X,
is a betting game, a fair game would leave the player, in expectation, with X, fortune after the n+1
game. Hence we have the terms unfavourable game for a supermartingale and favourable for a
submartingale.

Statement of (a) Martingale Convergence Theorem
Let {X,,, F;:n = 0,1, ...} be a sub martingale. Additionally, suppose E[|X,,|] is bounded (i.e. absolutely
integrable). Then there exists a finite integrable random variable such that:

lim X, = X, a.e.

n—oo

Requires Proof.

Corollary 1

A positive supermartingale converges to a finite r.v.

Requires Proof.

Some Properties
(P1) A random variable X is a(Y)-measurable if and only if it is a function of Y.

Requires Proof.
(P2) If X is G measurable,
E[X|G] = X a.e.
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Requires Proof.
(P3) If F; € F, then
E[E[X|F1]1F2] = E[E[X|F]IF1] = E[X|F4]

Requires Proof.

Appendix B: Details on the paper’s Lemma and Derivation

B1: Statement Without Proof: Neveu’s Martingale Convergence Theorem
(MCT)(Lemma A.3)

Let {T},}, {a@,, }, {B} be sequences of non-negative random variables adapted to and increasing sequence
of o-algebras F, such that

E[Tn|Fn-1] £ Tpe1 — @n-1 + Bna
If ¥3° B <  a.s., thenT,, converges almost surely to a finite random variable T and }.{° @, < w0 a.s.
Proof Sketch:
Corollary 1 (above) implies that a non-negative supermartingale converges with probability one.
E[Tn|Fn-1] € Tno1 + Bna

With the above requirement on f's can be seen as a supermartingale with some diminishing terms (due
to their sum converging and their non-negativity) added to it. It is thus expected that they should not
affect convergence. Hence,

T, = T a.s. with T a non-negative random variable (requires proof)

Let’s now define:

Thus:

n—1
E[an‘?n—l] =Th-1+Bn-1+ z 4]
=1

Notice that sine a,is non-negative:

-2 n-1

alS zal

=1

S

l

1l
=
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Hence:
n—1
ElZp|Froa] SThor +Bna+ ) ar—an1 =Zn_1+ Pns
1=1
Again using the convergence argument presented above, we have Z,, = Z a.s., Z non-negative. Which
forces

oo

Zan < ooa.s.

1

Which concludes our proof sketch.
B2: Following Along the Proof:

B2.1
To properly condition Equation 12 on F;_;0{xq, w1, W, ..., Ww;_1 }, there are a few points to note:

e By definition, by, is a function of [y¢_1, ««o, Ve—n) Ut—1s eoor Ut—ms o » — Vi1, - — Vi—1], and by (P1)
it is thus measurable with respect to an algebra included in F;_4, and so measurable w.r.t. F;_;.

e By asimilar argument (this time using equation4.6 from the paper), e,-v, is F;_; measurable as
well.

e By property (P2) we then have , E[z;_1|F;_1] = z;—1 a.e and E[V,_;|F_1] = V;_; a.e.

o E[vi|Fi_q]l = ElyelFe—1] — E[E[y:|Fs-1]|1F:~1] = 0 by linearity of expectations and (P3) on
the second term.

o E[vi(er — v)|F1] = (et — vo)E[ve|Fe_1] = 0, by (P2)

o E[(v)?|F,_1] = v? a.s. (see first part of the paper)

B2.2 Kronecker’s Lemma
If (xp)meq IS a convergent infinte sequence of real numbers . Forsome 0 < 1, < r; < ..and
1, — o0 then we have the following:

lim — Tk Xk = 0
n-oowt,
k=1

Requires proof.

For an accessible proof consult Wikipedia article on Kronecker’s Lemma.

B2.3 Clarifications on Lemma A.1
Following the paper and using simple back substitution it is straightforward to obtain

hf = CAtxO + DZt +

t
CAj_lBZt_j

Jj=1
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To obtain the next inequality we use the following trick:
leth, = a+f +y,wherea, B,y € RS¥?, then
Ihell® = llell® + 8117 + Iy 1I? + 2{a, B) + 2(a, v} + 2(B, )

Now, obviously we have ||a — 8|2 + |ly||> = 0
This, by symmetry and norm distributivity, gives:

lell? + 1817 + lIyll? = 2(a, B)
One similarly obtains:

el + 18117 + llylI? = 2(a,y)

llall? + 118117 + Iy lI* = 2(B,v)

Thus, replacing each mixed term in the initial (h;)? equation, we obtain:

2

t
lhell> < 3| lleA® x> + Dz |I* + ZCAj_lBZt—j
j=1

One extra step:

2 2

t t
. caiBz || <| > lcl]a Bz
=1 j=1

By repeated Triangle Inequality and Cauchy-Schwartz Inequality. Thus

2
t

IR NI* < 3| llcAtxoll* + |Dz]|* + ZIICII||Aj'1||IIB||||Zt-j||]
=1

The rest of the proof falls pretty easily as in the original paper. We do note the following:

. i J . i J
A1 = 1712222 instead of A/ = Az2. This ultimately has no incidence as A~ tis a constant and gets
absorbed in K;.
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Appendix C: Simulation Results
The below simulations show the result of the algorithm attempting make the arbitrary system:

xt+1 = 075xt + 09ut + 05Wt
Ve = 2X: + wy
w; i.i.d. N(0,0.25%)

track two reference sequences. Notice the “learning” period at the beginning.

18
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Figure 1: Tracking a fixed reference signal of 10 for 200 time steps.

I I I I I
0 100 200 300 400 500 500

Figure 2: Tracking a sinusoidal reference.
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