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Abstract— This paper proposes an observer-based backstep-
ping controller design for gear shifting control of a seamless
and clutchless two-speed transmission for electric vehicles. The
state observer estimates the input and output torques of the
transmission and the angular velocities of the gears, based
on measuring the motor speed and the speed of the vehicle.
Then, an observer-based backstepping controller is designed to
provide seamless gear change while tracking the optimal trajec-
tory corresponding to the minimum shifting time. Thereafter,
the separation of the estimation and control is discussed. The
driveline of an electric vehicle is modeled in MATLAB/Simulink
by utilizing SimDriveLine library components to asses the
performance of the designed observer and controller.

Index Terms— backstepping controller; minimum order ob-
server; seamless two-speed transmission; electric vehicles

I. INTRODUCTION

Fuel cost and environmental concerns have pushed the
automotive industry to gradually replace internal combustion
engine (ICE) vehicles with hybrid electric vehicles (HEV)
and fully electric vehicles (EV). However, the energy density
of electric batteries is much less than that of fossil fuels.
Hence, by changing the source of power, it is required to
minimize the losses in the driveline in order to maximize the
range of EVs. Using multi-speed transmission for EVs can
reduce the size of the electric motor and improve dynamic
performance and efficiency of the driveline [1]. In particular,
gear changing decision can be employed by the controller to
optimize the vehicle’s performance measures [2–6].

Currently used transmissions for EVs were mostly de-
signed for vehicles with ICEs. As is well known, ICEs
cannot operate below certain speeds and their speed control
during gear changes is rather complicated and therefore, the
presence of clutches or torque convertors is inevitable for the
vehicle lunching and gear changing. This, however, is not
the case for EVs as electric motors are speed controllable in
a wide range of operating speeds. This difference, in fact,
provides an opportunity for designing novel transmissions
as the one proposed in [2], [7]. This transmission has the
advantage of maintaining the output speed and torques during
the gear shift and is able to eliminate the problem of
lacking traction during gear change and the issues raising
from sudden re-engagements of the synchronizer; problems
which are inevitable in clutchless AMTs [8], [9] that reduce
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passenger comfort and the lifetime of the transmission [10–
16]. The elimination of output torque interruptions during
gear changing is similar to the special features of DCTs [17],
while the considered design benefits a higher efficiency and
a lower weight compared to them.

In an earlier work (see [7]), a seamless and clutchless two-
speed transmission particularly designed for EVs is presented
in order to provide an appropriate balance between efficiency
and dynamic performance of the vehicle. Moreover, a similar
control method as for DCTs and ATs via torque and inertia
phases is applied to provide smooth gearshifts [18–21]. In [2]
a more detailed dynamic modeling of the proposed transmis-
sion is presented and the Pontryagin Minimum Principle is
used in order to optimize the shifting time. Figure 1 shows
the schematic view of the driveline of an electric vehicle
equipped with the proposed in [2], [7]. The transmission
system, as it is shown in Fig. 1, is comprised of a dual-
stage planetary gear set with common ring and common sun
gears. Two friction brakes are used to control the flow power.

In this paper, the kinematic analysis of the dual-stage
planetary gear set, the achievable gear ratios of the transmis-
sion, and the dynamical model of the driveline of an electric
vehicle equipped with the proposed transmission in [2], [7]
are reviewed. The flexibility of the half shafts and longitudi-
nal vehicle dynamics are taken into the consideration in the
presented dynamical model of the system. In order to reduce
the number of sensors for measuring the required speeds and
torques for the closed-loop control laws introduced in [2],
[7], a minimum order observer is designed to estimate the
unmeasured states. The observer estimates the speeds of the
on-coming and off-going gears and the input and output
torques of the transmission based on the measured speeds
of the motor and the vehicle. Due to nonlinearities in the
system such as the longitudinal vehicle dynamics, nonlinear
observer methods generally apply for the observer design.
However, as shown in this paper, a minimum order observer
can be designed in such a way that the nonlinear dynamics
of the vehicle are eliminated form the error dynamics of the
estimation by injecting the nonlinear term in the dynamic
equation of the observer. Furthermore, an observer-based
nonlinear backstepping controller is designed in order to
provide seamless gear shifting while tracking the optimal
trajectory which minimizes the shifting time. The driveline
of an electric vehicle is modeled in MATLAB/Simulink� by
utilizing SimDriveLine library for the performance validation
of the designed observer and the backstepping controller for
gear shift control.
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Fig. 1. Schematic view of an electric vehicle driveline equipped with the proposed seamless clutchless two-speed transmission

II. PRELIMINARIES

A. Kinematic Equations

The kinematic relations between planetary gear compo-
nents such as Carrier (C), Sun (S), Planets (P), and Ring (R)
for this transmission are derived in [2], [7] as follows:⎧⎪⎪⎨

⎪⎪⎩
ωC,in =

R1ωR + ωS

(R1 + 1)
; ωC,out =

R2ωR + ωS

(R2 + 1)

ωP,in =
R1ωR − ωS

(R1 − 1)
; ωP,out =

R2ωR − ωS

(R2 − 1)

(1)

where the variables ωS , ωP , ωR, and ωC are the angular
velocities of the sun, planets, ring, and carrier, respectively,
while R1 and R2 are

R1 := (
rR
rS

)
input

; R2 := (
rR
rS

)
output

(2)

where rS and rR are the pitch radii of the sun and ring gears,
respectively.

B. Achievable Gear Ratios

According to equations set (1), the speed ratio of the
output of the transmission to the input can be expressed as
follows:

ωC,out

ωC,in
=

(R1 + 1)(ωS +R2ωR)
(R2 + 1)(ωS +R1ωR)

(3)

According to (3), three different gear ratios are achievable:
1) If the ring is completely grounded (ωR = 0):

ωC,out

ωC,in
=

(R1 + 1)
(R2 + 1)

= GR1 (4)

2) If the sun is completely grounded (ωS = 0):
ωC,out

ωC,in
=

(R1 + 1)R2

(R2 + 1)R1
= GR2 (5)

3) If neither the sun nor the ring is completely grounded
(ωR �= 0 and ωS �= 0):

ωC,out

ωC,in
=

(R1 + 1)(ωS +R2ωR)
(R2 + 1)(ωS +R1ωR)

= GRT (6)

Here, GR1 and GR2 are the first and the second gear ratios,
while GRT is the transient gear ratio between the first and
the second gears. The term upshift and downshift refer to
going from the first gear ratio to the second and from the
second to the first, respectively.

C. Dynamic Modeling of the Driveline

A more detailed dynamical model of the driveline of an
electric vehicle equipped with the transmission in [2], [7],
[22] can be represented as follows by considering flexibility
of the half shafts, longitudinal vehicle dynamics, and viscous
friction in the transmission:

ω̇w =
−Tv

Jv
+
ifd

Jv
To

ω̇M =
−1
JM

Td +
1
JM

TM

ω̇S =
−CSτ

a
ωS +

CRλ

a
ωR +

c

a
Td − d

a
To

+
τ

a
(TBS + TSf ) − λ

a
(TBR + TRf )

ω̇R =
CSλ

a
ωS − CRγ

a
ωR +

e

a
Td − f

a
To

− λ

a
(TBS + TSf ) +

γ

a
(TBR + TRf )

Ṫd =KdωM − Kd

R1 + 1
ωS − KdR1

R1 + 1
ωR

Ṫo = − ifdKoωw +
Ko

R2 + 1
ωS +

KoR2

R2 + 1
ωR

(7)

where TM , Td, To, and Tv are the electromagnetic torque of
the motor, the torque of the input shaft, the output torque of
the transmission, and the road load torque. Angular velocities
of the motor and wheels are denoted by ωM and ωw,
respectively. In equation (7), the constants CS , CR, TSf and
TRf are the coefficients of the Coulomb and viscous friction
of the transmission and can be measured from experimental
tests. The final drive ratio of the driveline is denoted by
ifd. The terms TBS and TBR are the torque brakes of the
sun and ring gears, respectively. The coefficients α, β, γ,
τ , λ, φ, ψ, a, c, d, and f in the equation (7) are listed in
Table I. The inertia of the motor, sun, ring, input carrier,
output carrier, input planets, output planets, and the vehicle
and wheels are JM , IS , IR, IC,in, IC,out, IP,in, IP,out, and
Jv , respectively. The mass of the input and output planets are
denoted by mP,in and mP,out. Slip of the tires are neglected
so the geometric relation vx = Rwωw can be considered
between the speed of the tires for the straight motion.

The input torque (Td) and output torque (To) of the



TABLE I

THE COEFFICIENT OF THE DYNAMICAL MODELING (7)

α =
(IC,in+4mP,inr2

C,in)

(R1+1)2
φ =

4IP,in

(R1−1)2

β =
(IC,out+4mP,outr2

C,out)

(R2+1)2
ψ =

4IP,out

(R2−1)2

γ = [IS + α+ β + φ+ ψ] a = (γτ − λ2)

τ = [IR + (α+ φ)R2
1 + (β + ψ)R2

2] c = τ−R1λ
R1+1

λ = [(α− φ)R1 + (β − ψ)R2] d = τ−R2λ
R2+1

e = γR1−λ
R1+1

f = γR2−λ
R2+1

transmission can be calculated as follows:

Td = Kd(θM − θC,in) +Bd(ωM − ωC,in)
To = Ko(θC,out − ifdθw) +Bo(ωC,out − ifdωw)

(8)

where Kd and Ko are the equivalent torsional stiffness and
Bd and Bo are the damping constants of the input and output
shafts. The road load torque (Tv) can be calculated from the
following relation [17]:

Tv = Rw

(
1
2
ρv2

xCdAf +mvgsin(θr) +Krmvgcos(θr)
)
(9)

where Rw, θr, Kr, mv , vx, ρ, Cd, g, and Af indicate
wheel radius, road angle, tire rolling resistance, vehicle mass,
vehicle velocity, air density, aerodynamic drag coefficient,
gravitational acceleration, and vehicle frontal area.

The brake of the sun is designed to be of the multi-plate
brake type. Thus, the relation between the normal applied
force on the friction plates and the resulting torque is [23]:

TBS = −μPNBS n(
2
3
)(
R3

o −R3
i

R2
o −R2

i

)sign(ωS); NBS ≥ 0

(10)
where μP is the coefficient of friction between brake plates,
NBS is the normal force applied to the plates, n is the
number of the friction surfaces, and sign(.) is the signum
function. The inner and outer radii of the multi-plate brakes
are expressed as Ri and Ro, respectively. The brake of the
ring is designed to be of band brake type. So, the relation
between the normal applied force at the end of the band and
the resulting torque is [23]:{

TBR = −NBRRD(eμDθ − 1);ωR ≥ 0, NBR ≥ 0

TBR = NBRRD(1 − e−μDθ);ωR < 0, NBR ≥ 0
(11)

where NBR is the force applied at the end of the band, RD is
the radius of the drum brake, μD is the coefficient of friction
between band and drum and θ is the angle of wrap.

III. OBSERVER DESIGN

From (7) and (9), the system is apparently nonlinear be-
cause of the nonlinear dynamics for the ωw, and so nonlinear
observer design is required to construct the system states for
full-state feedback control methods. Since the vehicle speed
and the motor speed are continuously measured, the values of

ωw and ωM are known at all instants. Hence, minimum order
observers can be defined in such a way that the nonlinear
term is eliminated from the error dynamics by injecting the
known nonlinear term in the dynamics of the observer.

In order to design a minimum order observer, the states
of the system (7) are broken down into two sets of available
(xa(t)) and unavailable (xu(t)) states as follows:[
ẋa(t)
ẋu(t)

]
=

[
Aaa Aau

Aua Auu

] [
xa(t)
xu(t)

]
+

[
Ba

Bu

]
u(t) +

[
Ea

Eu

]
Tv

y(t) =
[
I[2×2] 0[2×4]

] [
xa(t)
xu(t)

]
(12)

where the states xa(t), xu(t), and the inputs u(t) are

xa(t) =
[
ωw

ωM

]
, xu(t) =

⎡
⎢⎢⎣
ωS

ωR

Td

To

⎤
⎥⎥⎦ , u(t) =

⎡
⎣ TM

TBS + TSf

TBR + TRf

⎤
⎦ ,
(13)

and matrices Aaa, Aau, Aua, Auu, Ba, Bu, Ea, and Eu are:

Aaa =
[
0 0
0 0

]
, Aau =

[
0 0 0 ifd

Jv
0 0 −1

JM
0

]
,

Auu =

⎡
⎢⎢⎢⎢⎣

−CSτ
a

CRλ
a

c
a

−d
a

CSλ
a

−CRγ
a

e
a

−f
a

−Kd

R1+1
−KdR1
R1+1 0 0

Ko

R2+1
KoR2
R2+1 0 0

⎤
⎥⎥⎥⎥⎦ ,

Aua =

⎡
⎢⎢⎣

0 0
0 0
0 Kd

−ifdKo 0

⎤
⎥⎥⎦ , Bu =

⎡
⎢⎢⎣

0 τ
a

−λ
a

0 −λ
a

γ
a

0 0 0
0 0 0

⎤
⎥⎥⎦ ,

Ba =
[

0 0 0
1

JM
0 0

]
, Ea =

[− 1
Jv

0

]
, Eu =

[
0
]
[4×1]

.

(14)
The minimum order observer equation is as follows [24]:

˙̃xu(t) = (Auu − LAau)x̃u(t) + (Aua − LAaa)xa(t)
+Lẋa(t) + (Eu − LEa)Tv + (Bu − LBa)u(t)

(15)

where L is the observer gain. Let eu = xu − x̃u denote the
error in the estimated states. From (12) and (15), the error
dynamics can be written as follows:

ėu(t) = (Auu − LAau)eu(t) (16)

which is asymptotically stable if the matrix Auu−LAau has
all its eigenvalues in the open left half plane. A sufficient
condition for the existence of such L is that (Aau, Auu) is
observable. It can be shown that the observability matrix
for (Aau, Auu) is full rank and such L exists. Estimating
xu(t) from (15) requires differentiating xa(t) which is not
desirable. To eliminate this problem, the following change
of variables is considered:

z̃(t) = x̃u(t) − Lxa(t) = x̃u(t) − Ly(t) (17)

Hence, the estimation of x(t) is:

x̃(t) =
[

y(t)
z̃(t) + Ly(t)

]
. (18)



IV. BACKSTEPPING CONTROLLER TO TRACK
THE OPTIMAL TRAJECTORY

The control inputs of the driveline are the electromagnetic
torque of the motor TM , the sun brake TBS , and the ring
brake TBR. In [2] the Pontryagin Minimum Principle (PMP)
was applied on this system in order to find the optimal
control law which minimizes the shifting time of the trans-
mission. The result of the PMP problem for this transmission
results in a sudden engagement and a sudden disengagement
of the on-coming and off-going brakes and an optimal
trajectory for Td. Here, TBS and TBR follow the same trend
mentioned in [2] while coping with physical constraints such
as actuator limitation. Moreover, a backstepping controller is
designed in such a way that Td exponentially converges to
the optimal trajectory in [2]. Rearranging the second and the
fifth equations in (7) gives:⎧⎨

⎩
Ṫd = −KdωC,in +KdωM

ω̇M = − Td

JM
+
TM

JM

(19)

where the control input is TM , and by observing ωS and ωR,
ωC,in is available from (1). Considering the scalar equation

Ṫd = −KdωC,in +KdωM (20)

and designing a feedback control law which makes

ωM = ϕ(Td) = ωC,in +
Ṫddes

−KI(Td − Tddes
)

Kd
, (21)

result in
Ṫd = Ṫddes

−KI(Td − Tddes
). (22)

Considering the following candidate Lyapunov function:

V1(Td) =
1
2
(Td − Tddes

)2, (23)

and applying the virtual control (21) make the Lyapunov
function derivative negative definite:

V̇1(Td) = −KI(Td − Tddes
)2 ≤ 0, for KI > 0 (24)

which ensures that Td −→ Tddes
as t −→ ∞.

Now, using the backstepping change of variables:

ζ = ωM − ϕ(Td) ⇔ ωM = ϕ(Td) + ζ, (25)

transfers the system (19) to:⎧⎨
⎩
Ṫd = −KI(Td − Tddes

) + Ṫddes
+Kdζ

ζ̇ = −ϕ̇(Td) +
TM − Td

JM

(26)

Considering the second Lyapunov function as follows

V2(Td, ζ) =
1
2
(Td − Tddes

)2 +
1
2
ζ2 (27)

and choosing the electromagnetic torque of the motor as:

TM = Td + ϕ̇(Td)JM −Kd(Td − Tddes
)JM −KIIJM(

ωM − ωC,in − Ṫddes
−KI(Td − Tddes

)
Kd

)
, KII > 0

(28)

ensure the stability of the system (26) by making the deriva-
tive of the Lyapunov function (27) negative definite

V̇2(Td, ζ) = −KI(Td − Tddes
)2 −KIIζ

2 (29)

which clearly ensures that (Td, ζ) → (Tddes
, 0) as t → ∞.

So, the trajectories of the system asymptotically converge to
the optimal one in [2].

V. SEPARATION OF THE ESTIMATION AND
CONTROL

As discussed in Section III, ωw and ωM are the only
measured states. Thus, to implement (28) in practice, the
actual values of the rest of the states should be replaced with
their estimated values. Since the considered system (7) is
nonlinear, the straightforward separation principle for linear
systems does not apply here. Instead, the following argument
is presented which shows that the overall system (with the
observer) achieves the desired control objective. To that end,
the augmented state is defined as xaug :=

[
x eu

]T ∈ R
10,

where x =
[
ωw ωM ωS ωR Td To

]T ∈ R
6, and

eu ∈ R
4 is the error in the estimated state as discussed

before. The dynamics of the augmented system are given
by (7) and (16). First, some observations are made on
the augmented system. Notice that during the upshift (or
the downshift), TBS and TBR are continuous functions in
time, and that the augmented dynamics can be expressed as
ẋaug = f(t, xaug), where f is continuous in time and locally
Lipschitz in xaug (uniformly in time). From Theorem 3.1 of
[25], for each initial condition xaug0 ∈ R

10 and under the
proposed control law, there exists a unique solution of the
augmented system, denote it φ(t, xaug0). Also, from Theo-
rem 3.5 of [25], (t, xaug0) 	→ φ(t, xaug0) is a continuous
function. It can be verified that in the case of this paper, the
augmented system does not have a finite escape time, so the
trajectory φ(t, xaug0) is defined for all t ∈ [0,∞). Second,
consider the subspace S :=

{
xaug ∈ R

10 : eu = 0
}

. It is
shown that for each xaug0 ∈ S, φ(t, xaug0) remains in S
for all t ∈ [0,∞), and the control objective is achieved,
i.e. (Td, ξ) → (Tddes

, 0) as t → ∞. From (16), if eu = 0,
then ėu = 0, and so S is invariant. In particular, for each
xaug0 ∈ S, φ(t, xaug0) ∈ S for all t ∈ [0,∞). On S,
eu(t) = 0, i.e. the control law (28) is accurate, and (29)
is valid. Thus, (Td, ξ) → (Tddes

, 0) as t → ∞. Third, let
xaug0 ∈ R

10, xaug0 /∈ S be arbitrary. It is shown that
φ(t, xaug0) → S as t → ∞, and (Td, ξ) → (Tddes

, 0)
as t → ∞. Since the transversal dynamics to S given by
(16) are asymptotically stable, then eu(t) → 0 as t → ∞.
Equivalently, φ(t, xaug0) → S as t → ∞. It is claimed
that φ(t, xaug0) is bounded. Suppose by contradiction that
‖φ(t, xaug0)‖ → ∞ as t → ∞. By triangle inequality
and since eu(t) → 0 as t → ∞, it can be concluded
that ‖x(t)‖ → ∞ as t → ∞. On the other hand, it
is known that φ(t, xaug0) → S as t → ∞, and on S
the system is asymptotically stable. This clearly contradicts
continuity of the state trajectories of the augmented system
with respect to initial conditions. Notice that as time evolves,
TBS and TBR become constant values in finite time, and the



augmented dynamics become autonomous. Since φ(t, xaug0)
is bounded, then by Birkhoff’s Theorem [26], the positive
limit set for the initial condition xaug0 , denoted L+(xaug0),
is nonempty, compact (closed and bounded), invariant (both
positively invariant and negatively invariant), connected, and
φ(t, xaug0) → L+(xaug0) as t → ∞. It is shown that
L+(xaug0) ⊂ S. Let x̄aug ∈ L+(xaug0) be arbitrary. By
definition of a limit set, it is known that there exists a
sequence {ti} with ti → ∞ such that φ(ti, xaug0) → x̄aug .
In particular, eu(ti) → ēu, the vector consisting of the last
four components of x̄aug , as ti → ∞. But, it is known that
eu(ti) → 0 as ti → ∞. Therefore, ēu = 0 [27], and x̄aug ∈
S. Since x̄aug ∈ L+(xaug0) is arbitrary, L+(xaug0) ⊂ S.
On S, the inequality (29) is valid, and so any compact, in-
variant set in S must lie in {x ∈ S : V2(Td, ξ) = 0}. Thus,
L+(xaug0) ⊂ {x ∈ S : V2(Td, ξ) = 0}, and so (Td, ξ) →
(Tddes

, 0) as t→ ∞.

VI. SIMULATION RESULTS

For the proposed transmission with parameters given in
Table II, simulation results are provided for the upshift and
downshift by using the MATLAB library SimDriveLine. The
upshift and downshift start at t = 7.4 (s) and t = 13.4 (s)
respectively, which according to Fig. 2 and Fig. 4, the
shifting periods last around 0.5 (s). Figure 2 shows the motor
speed, the measured and estimated speeds of the ring and sun
gears, the actual and the desired speed of the wheels before,
during and after the upshift. The actual and estimated input
and output torques of the transmission during the upshift
are presented in Fig. 3. The motor speed, the measured and
estimated speeds of the ring and sun gears, the actual and
the desired speed of the wheels before, during and after the
downshift operation are shown in Fig. 4. Figure 5 shows
the actual and estimated torque of the input and output
of the transmission during the downshift process. Negative
torque in this figure shows that the electric motor goes on
regeneration mode during the sample downshift. The small
deviations of the estimated speeds of on-coming and off-
going gears from the actual speeds come from the neglected
terms of damping in the dynamical model (7) and the
difference between the friction models for the brakes which
are considered here and the friction models for the brakes
in SimDriveLine in MATLAB. Simulation results show the
observer effectively estimates unmeasurable states and the
observer-based backstepping controller provides seamless
gear shift such that the oscillations of the output torque and
the deviation of the output speed from the desired speed
remain less than 5% during the abrupt gear change process.

VII. CONCLUSION

In this paper, a minimum order state observer is designed
in order to estimate the speed of on-coming and off-going
gears and the input and output torque of the seamless two-
speed transmission proposed for electric vehicles. Based on
the measured and estimated states, a backstepping method is
applied to design a controller to track the minimum shifting
time trajectory presented in [2] while providing seamless

TABLE II

PARAMETERS OF THE DYNAMICAL SYSTEM

rR,in(m) 6e-2 IR(Kg.m2) 9e-3

rR,out(m) 6e-2 IS(Kg.m2) 1.5e-3

rS,in(m) 3e-2 IC,in(Kg.m2) 1.4e-3

rS,out(m) 15e-3 IC,out(Kg.m
2) 0.1

rP,in(m) 15e-3 IP,in(Kg.m2) 6.08e-6

rP,out(m) 22.5e-3 IP,out(Kg.m
2) 3.12e-5

CR(N.m.s/rad) 0.001 mP,in(Kg) 0.0512

CS(N.m.s/rad) 0.001 mP,out(Kg) 0.12113

TRf (Nm) 0.05 TSf (Nm) 0.05

μR, μS 0.15 n 4

Ro(m) 0.09 Ri(m) 0.08

RD(m) 0.1 θ(rad) 3π/4

Ko(N/rad) 10000 JV (Kg.m2) 70

Kd(N/rad) 10000 Af (m2) 3

Rw(m) 0.3 Kr 0.015

ρ .005 ifd 5

gear change. The simulation results verify the satisfactory
performance of the designed minimum order observer and
backstepping controller during the abrupt gear shift process.

It is worth mentioning that although the separation prin-
ciple for linear systems does not apply in the case of this
paper, however a rigorous argument is provided to indicate
the sepration of the estimation and control.
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