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Abstract— A class of hybrid systems with both autonomous
and controlled switchings and jumps is considered where
switching manifolds corresponding to autonomous switchings
and jumps are allowed to be codimension ¥ submanifolds in R”
with 1 <k <n. Optimal control problems associated to this class
of hybrid systems are studied where in addition to running and
terminal costs, costs associated to switching between discrete
states are allowed. Statements of the Hybrid Minimum Principle
and Hybrid Dynamic Programming as well as their relationship
are presented in this general setting and an illustrative example
is provided.

I. INTRODUCTION

There is now an extensive literature on the optimal control
of hybrid systems (see e.g. [1]-[15]). On one hand, the gener-
alization of the fundamental Pontryagin Maximum Principle
(PMP) [16] results in the Hybrid Minimum Principle (HMP)
[1]-[8] that gives necessary conditions for the optimality of
the trajectory and the control inputs of a given hybrid system
with fixed initial conditions and a sequence of autonomous
and controlled switchings. These conditions are expressed
in terms of the minimization of the distinct Hamiltonians
defined along the hybrid trajectory of the system corre-
sponding to a sequence of discrete states and continuous
valued control inputs on the associated time intervals. A
feature of special interest in the Hybrid Minimum Principle
is the boundary conditions on the adjoint processes and
the Hamiltonian functions at autonomous and controlled
switching times and states; these boundary conditions may be
viewed as a generalization of the optimal control case of the
Weierstrass—Erdmann conditions of the calculus of variations
[17].

The generalization of Dynamic Programming [18] for
hybrid systems, on the other hand, results in the theory of
Hybrid Dynamic Programming (HDP) which employs the
optimal cost to go for the hybrid optimal control problem as
its fundamental notion. Under the assumption of smoothness
of the value function, the Principle of Optimality results in
the celebrated Hamilton-Jacobi-Bellman (HJB) equation of
HDP [9]-[12], [19]-[26]. In the case of non-smooth value
functions, the so-called viscosity solutions give a general
class of solutions to the HIB equation [9]-[11].

The usual assumption in design, analysis and control of
hybrid systems is that switching manifolds corresponding to
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autonomous switchings and jumps are smooth codimension
1 sub-manifolds of R”. In some studies like hybrid stability,
this assumption reduces the analysis by decoupling the
sequence of switching and the uniform convergence of hybrid
executions within those with the same switching sequence.
However, in the hybrid optimal control context, the assump-
tion of codimension 1 switching manifolds is not a necessity
since the optimality conditions are expressed in terms of the
admissible controls and their corresponding trajectories that
satisfy the desired switching conditions. While numerous
hybrid optimal control problems can be considered where
the system has switching manifolds with dimensions smaller
than n— 1, i.e. where switching manifolds are codimension k
sub-manifold of R” with k > 1, this class of hybrid systems
has been the subject of a limited number of studies in the
hybrid optimal control context.

In past work of the authors (see [24]-[28]) the results of
the Hybrid Minimum Principle are given for the general class
of hybrid optimal control problems with autonomous and
controlled state jumps and in the presence of a large range
of running, terminal and switching costs. In this paper, the
class of hybrid systems under study is further generalized
by letting the switching manifolds be codimension k sub-
manifold of R”, with k € {1, ,n}. In addition, as shown in
[24]-[26], the adjoint process in the HMP and the gradient of
the value function in HDP are governed by the same dynamic
equation and have the same boundary conditions and hence
are identical to each other. The same result is shown to hold
in this paper in the presence of low dimensional switching
manifolds. Furthermore, an illustrative example is provided
in which the continuous state lies in R* and the switching
manifold is in R2, i.e. it is a codimension 2 sub-manifold of
R4,

II. HYBRID SYSTEMS

A hybrid system (structure) H is a septuple

H={H:=0xR"I:=XxU,T’A,F,E, .4} (1)

where the symbols in the expression are defined as below.

A0: Q= {1,2,,‘Q|} = {6117612,~--761\Q|}7|Q\ <oo,is a
finite set of discrete states (components).

H := QO xR" is called the (hybrid) state space of the hybrid
system H.

I:=X x U is the set of system input values, where |Z| < oo
and U C R™ is the set of admissible input control values,
where U is an open bounded set in R which necessarily
has compact closure U.
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The set of admissible (continuous) control inputs
% (U) := L (t0,T%),U), is defined to be the set of all
measurable functions that are bounded up to a set of measure
zero on [ty,T:), T, < oo, where the boundedness condition
necessarily holds since admissible input functions take values
in the open bounded set U.

I': Hx X — H is a time independent (partially defined)
discrete state transition map which is the identity on the
second (R") component.

E:HxX — H is a time independent (partially defined)
continuous state jump transition map which is the identity
on the first (Q) component. All £; € E are assumed to be
injective and continuously differentiable in the continuous
state x.

A : Q x X — Q denotes both a finite automaton and the
automaton’s associated transition function on the state space
QO and event set X, such that for a discrete state g € Q only
the discrete controlled and uncontrolled transitions into the
g-dependant subset {A(g,0),0 € X} C Q occur under the
projection of I' on its Q components: I': O x R" X X — H|o.
In other words, I' can only make a discrete state transition
in a hybrid state (g,x) if the automaton A can make the
corresponding transition in q.

F is an indexed collection of vector fields { fq}q <o Such
that f, € ckr (R*x U —R"), kf > 1, satisfies a uniform*
Lipschitz condition, i.e. there exists Ly < oo such that
||fq (x1,u) — fy (xz,u)H < Ly|lxi —x2|, x1,x0 € R", u e U,
g € Q. We also assume that there exists Ky < o such that

s (wp a0l ) <

M ={mg : o € QxQ,} denotes a collection of switching
manifolds such that, for any ordered pair a = (p,q), mq
is a smooth, i.e. C* codimension k sub-manifold of R”,
1 < k < n, possibly with boundary dmg. In this paper,
we consider time invariant switching manifolds and hence,
each switching manifold is described locally by mgy =
{x:mb (x) =0A---Amk (x) =0}. It is assumed that mg N
mg =0, for all «,f € Q x Q, @ # 3, except in those cases
where my, is identified with its reverse ordered version mg
giving my = mg. (]

Al: The initial state ho := (qo,x(to)) € H is such that
Mgy,q,; (x0) # 0, for all q; €0. 0

III. HYBRID OPTIMAL CONTROL PROBLEMS

A2 Let {l,} o Iy € CUR' XU =Ry, m > 1,
be a family of running cost functions; {cs}sey €
C(R"xX—Ry), n. > 1, be a family of switching cost
functions; and g € C"¢ (R" — Ry ), ny > 1, be a terminal cost
function satisfying the following:

There exists K; < o and 1 <9 < oo such that ’l x,u ] <

K (1+[lx]|"), for all x e R", u€ U, g € Q.

There exists K, < o and 1 < 9, < e such that |cs (x)| <
K. (1+]x]|*), for all x e R", 6 € X.

There exists K, < oo and 1 <9, < co such that |g(x)| <
K, (1+|x[|%), for all x € R™. O

Consider the initial time #o, final time ¢y < oo, initial hybrid
state o = (qo,xo), and the upper-bound of maximum number
of swithchings L < oo. Let

SL = {(l‘o,id) s (ll,Gqu]) yeeey (tL;GqL,qu)} (2)
= {(IOﬂO) ) (tlaql)a“' ) (tLaqL)}

be a hybrid switching sequence and let I, := (Sp,u),u € %
be a hybrid input trajectory which subject to A0 and Al
results in a (necessarily unique) hybrid state process (see
[4]) and is such that L controlled and autonomous switchings
occur on the time interval [to,T (I1)], where T (I) <t;. In
this paper, the number of switchings L is held fixed and we
denote the corresponding set of inputs by {I.}.
Define the hybrid cost on [fo,1] as

Lo otigy
I (tortp,ho i) == Y /t I, (xg; (5) 1 (s)) ds
=071

L
+ Z Cog; 1q; (xlh'—l (tj_)) +8 (qu (tf)) 3)
=

subject to
Xgi (t) = Jai (xqi (t),u(t)), ae.t€ttiv), “)
ho = (g0,%q, (10)) = (g0,%0) &)
Xq; (tj) :é (xq,;] (tj_)) Eé <1ti’rrtr-1xqjl (0) (6)

where 0<i<L,1<j<L, 4=ty <ooand L+2 <L <o,

Then the Hybrid Optimal Control Problem (HOCP) is to
find the infimum J° (to,tf,ho,L) over the family of input
trajectories {I.}, i.e.

JO (Io,l‘f,ho,L) = i}lf] (to,tf,ho,L;IL) @)
L

O

IV. HYBRID MINIMUM PRINCIPLE
Theorem 1 [29] Consider the hybrid system H together
with the assumptions AQ, Al and A2 as above and the HOCP
(7) for the hybrid cost (3). Define the family of system
Hamiltonians by

Hy, (x,2,u) = AT f, (x,u) + g, (x,u) (8)

for xe R", A € R", uc U, g; € Q. Then for the optimal
switching sequence ¢° and along the optimal trajectory x°
there exists an adjoint process A° such that

0 aH ° 0 0 u

yo __ quo 0o q0 ,,0

Al =— pp (x?, A%, u’) (10)
almost everywhere 7 € [fo,7¢] with

x”(to) = xo (1)
o(tj)zé( =) (12)
A% (tr) = Ve (¥ (1)), (13)
A% (tj=) = A% (1;) = VET A% (1j4+) + piim + Veg,  (14)
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where p = 0 when ¢; indicates the time of a controlled
switching and p € R when ¢; indicates the time of an
autonomous switching, and

A || PROJfq; (X (tj=),u’(1j=))

(15)
span{Vm’}

Le. Ay is a vector in R" parallel to the projection of f;,
in the (generally non-orthogonal) vector space generated by
the span of {Vm;jilqj}, ie{l,--- k}.

Moreover, the Hamiltonian is minimized with respect to
the control input

Hypo (x*,2°,u°) < Hp (x*,A°, u) (16)

for all u € U; and at a switching time ¢; the Hamiltonian
satisfies

Hy, , (tj=)=Hy,_, (tj)) =Hy, (1)) =Hy; (t;+)  (17)

O

V. HYBRID DYNAMIC PROGRAMMING AND ITS
RELATION TO THE HYBRID MIMIMUM PRINCIPLE

In Hybrid Dynamic Programming the value function V
evaluated at a time ¢ € [fo,7¢] and the state h = (g,x) is
defined as the optimal cost-to-go for the hybrid system (1)
with the performance function (3). For simplicity of notation,
in the statement of Hybrid Dynamic Programming, we use x
instead of x’ in order to indicate that x refers to the general
solution of the corresponding HOCP passing through it. We

adapt the same notation for ¢°, 17, etc.

Theorem 2 [29] If at the instant ¢t and the hybrid state
(g,x) the value function V for the HOCP (3) is differentiable
then it necessarily satisfies the following Hamilton-Jacobi-
Bellman (HJB) equation

v —inf {1, (v.0) + (VY. fy ()} =0 (18)

ot

In addition, the value function satisfies the following
terminal time condition

V (tr,q,x,0) = g (x)

and the boundary conditions

19)

V(tj,q,x,L—j+1)
:Hgl’l{V([j,r(q,G),é (x)vaj)+C0' (X)} (20)

subject to
if #; is a time of an autonomous switching; and

V(t,qx,L—j+1) <V (1,T(q,0),§ (x),L—j)+co (x)

(22)
with the equality achieved for T =¢;, the time of a controlled
switching. O

Theorem 3 [29] If in addition to the assumptions A0, Al
and A2 the functions f; and /; are continuously differentiable
for all g € Q, and the (necessarily Lipschitz) value function
V is twice continuously differentiable almost everywhere

in Lebesgue sense on R x R" then the adjoint process
locally describes the gradient of the value function, i.e. at
all Lebesgue points and times

),0 (f) = VxV (t,q7x, '))Ix:x"

where x° denotes the optimal trajectory passing through the
point x and A° is the adjoint process corresponding to x°. [

a.e. t € [1o,1y] (23)

VI. ILLUSTRATIVE EXAMPLE
A. Problem Formulation

Consider the following mechanical system with two point
masses m; and my each one attached to separate spring and
damper with the configuration depicted in Figure 1. The
spring and the damper attached to the mass m; have the
stiffness and damping coefficients k; and c; respectively and
apply forces to m; in the direction of the x axis and the spring
and the damper attached to the mass my have the stiffness and
damping coefficients k, and ¢, respectively and apply forces
to my in the direction of the y axis. The neutral positions
for the springs k; and k; have the coordinates (d;,0) and
(0,d») respectively in the coordinate system shown in Figure
1. Denoting x; :=x, x» :=X, x3 :=y and x4 :=y the dynamics
of the system is described as

X1 = X2
k c 1
Xy = ——xy = —xy b —uy + ——d
mi mi mi m (24)
X3 = X4
k c 1 k
X4 = ——ZX3 — iX4 +—u+ idz
my my myp ny
which has the matrix representation
x=A1x+Biu+D; (25)
with
0 1 0 0
hoca o0
— mj mi
A=Y 0 o0 1 |
—k —
0 0 m22 m—czz
0 O 0
g=|m 0| b= e 26
1= 0 O ) 1= 0 ( )
1 k
0 s m—zzdg

When both masses pass through the origin at the same
time a collision occurs. Denoting the time of the collision
by ¢, this incident corresponds to a switching manifold in the
form of a codimension 2 submanifold of R* described by

m:{x;(ts;—) =0 A x3(t,—) =0} 27)

Consider a completely plastic collision in which the
masses attach to each other and hence, the speeds after the
collision determined by the law of conservation of linear
momentum are related to speeds before the collision by

(m1 +mp) vy (t+) = (my +mp) vy (t5) = myviy (t,—)

(1 +m2) vy () = (1 +ma)v, (1) = mavay (1—) )
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Fig. 1. The system studied in the example

that determines the corresponding autonomous jump map as

x1 (ts) 1 0 0 0 x1 (t5—)
X2 (tS) _ m(ilmz 0 0 X2 (tS_)
X3 (ts) 0 0 1 0 X3 (IS—)
X4 (ts) 0 0 0 mlnfmz X4 (tb-f)
(29)

Assuming decoupled stiffness and damping in the two
directions (see e.g. [30], [31]) the dynamics of the system
after the collision is described by

X1 =X
., ki Cl 1 ki
X2 = — X1 — X2 uj 1
m1 +my my +my my +my my +nmy
X3 = X4
. k> ) 1 k
X4 =— X3 — X4+ uy 2
my +my my +my my +myp my +my
(30)
which has the matrix representation
X=Axx+Byu+D; 31
with
0 1 0 0
_kl —C]
A2 — my+my my—+my 0 0
0 0 0 1 ’
—ky —
0 0 my+my my-+my
0 0 0
1 0 k] 1
— my+my — mj—+myp
B, 0 0 D> (32)
1 k
0 my+my my szz 2

For the hybrid system described above consider the opti-
mal control problem

T

J0, ) = [ 1) di+e(e(-) +(x(T) (33
with the running costs

[y (.X, l/l) =0 (x,u) =1 (X,I/t) =

(u% +u%) = %uTu (34)

N —

Take the switching cost as the kinetic energy just before
switching (i.e. collision) which is
1

(=) = m (52 (=) + 3 (3 1)

and assume that the terminal cost penalizes the total energy
at the final time 7, i.e.

(35)

§(x(T)) = 5 my -+ m) (32 (1) + 5 (my -+ m2) (3 (7))
=+ %kl (x1 (T) — d1)2 + %kz ()C3 (T) — d2)2 (36)

Consequently, the hybrid optimal control problem is de-
fined as finding the minimum of J in (33) and the corre-
sponding minimizing control inputs for the given system.

B. The HMP Results

Employing Theorem 1, the Hamiltonian is formed as

1
H;(x,A,u) = AT (Aix+Bju+D;) + EuTu (37
The Hamiltonian minimization condition (16) gives
J0H;
=0 = u’=-BA° (38)
du
and hence, from (9) and (10)
% =Aix° —B;B'A? + D, (39)
A0 =—ATQ° (40)
with the initial condition for x° given as
x?(0) = xo 41
and its boundary condition (12) given as
x(tg) = Px (t;—) (42)
where P is defined from (29) as
1 0 0 0
mj O O
_ my+my
P= 0 1 0 “3)
0 0 0 mlrizmz
The terminal condition for A is given from (13) as
A°(T)=Vg(x(T)) =G (x—ry) (44)
with G and ry determined from (36) as
ki 0 0 0 d;
|0 m+my O 0 _ 0
=10 0 Kk O =g, | @Y
0 0 0 mp+mm 0

The boundary condition for A° is determined by (14) as

A%(tji—) = A°(t;) = PTA° (tj+) + pAim +Cx  (46)
with C defined from (35) as
0O 0 0 O
10 m 0 0
= 0O 0 0 O @7
0 0 0 m
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The results for the parameter values my =my =1, k; =
ky=1,cy=cy=1, dy =d, =0.1, the initial condition xy =
[ —0.25 0 —0.15 0] and the terminal time 7 =4 are
demonstrated in Figure 2.

C. HDP Results from their Relation to the HMP Results

Employing Theorem 3 and the results of Theorem 1
established in the previous part, we find the value function
satisfying the necessary conditions in Theorem 2. To this end
we rewrite equations (39) and (40) in the matrix form

x° o Al' —BiBlT x° Dl'
{10}_[0 AT a0 [T o (52)
and denote its state transition matrix by ¢;. Then the solution
of (52) for 1 € (t;,T] can be written as

‘ ; [ (1) ORI Dy (7))
01 ; =@ (1,1 + t,T dt
o | | | | | | : 3} _l”(t)} ¢ ( S)[l”(ts+) IS(PZ( )_ 0 ]
00 0.5 1 1.5 2 25 3 3.5 4 (53)
= ook H and also as
-0.003 L L 1 L 1 1 T 1
0 0.5 1 1.5 2 25 3 35 4 _xg T t _D2 T T
t ,10(<T)>] 02 (T.0) [ t] [ e [P e
Fig. 2. The results for the parameter values m; =mp =1, k1 =k, =1, L L E (54)
ci=cy=1,d; = dy = 0.1, the initial condition xo = [~0.25,0,—0.15,0]" o )
and the terminal time 7 = 4 Partitioning ¢ in the form of
and 7, determined from (15) as
nm ( ) ¢2 (T,t) — ¢2;“ (T7t) ¢2,12(T7t) (55)
$221(T,1)  $222(T'1)

7. || PROJ {Alxo(tf_)_BIB{A/O(IS—)—I—DI}

span{[(‘) H} and denoting
g o1

| s Ll Lo e %7

o (ts—) (48) we can rewrite (54) as
0 xX0(T) = @211 (T,0)x° (1) + @212 (T,1) A? (t) + far,1 (1) (57)
A(T) = b1 (T,1)x° (1) + 222 (T,1) A° (1) + fu 2 (t) (58)

Taking 7,, equal to its defining vector in (48), the boundary
condition (46) becomes

A? (1) 7L"(t§ )+ pxa (t,—) Substituting x° (T') and A°(T) from (57) and (58) into (44)
120 (ts) _ m1+m2 )“20 Is+ + mix (tS ) (49) gives
9 (t, - 7L” t+) + ty R
e Bl )’f;(m b G (9o (T3 (1) + 212 (T.0) A7 (1) + Fi (1) — )
mip-rmyp

= 0221 (T,1) X% (t) + ¢2.22 (T, 1) A° (t) + far 2 (1)  (59)

The scalar parameter p and the switching time #; together
with the optimal trajectory and its corresponding adjoint  or
process are determined by solving the differential equations
(39) and (40) subject to the initial, terminal and boundary  [G@2.11 (T,t) — @221 (T,1)|x° (t) + Gfaz1 (t) — Gry — fan2 (1)
conditions (41), (42), (44) and (49) together with the Hamil- = [¢2722 (T,r)— G212 (T,0)]A°(¢) (60)
tonian continuity condition from (17) as
that gives

1
oT o Tqo0 oT Tqo0
Kty (A2 )~ BBEAG Do) 45T BIBTAG 20 (1) =

1 -
=20 {Alx‘(),x_) —-BiB{ A, +D1} +§7LO€S,)3131T1&_) (0220 (1,6)=G,12 (T,0)] ' [G 11 (T,1) = 921 (T,1)] 2 (1)
(50) + (222 (T,1) — Go.12 (T,1)] " [G a1 (£) — Gry — fura (1)]
or (61)

The existence of the inverse in the previous equation is

loT Azx"
(ts+) (ts+) provided by a theorem of Kalman [32]. Defining

1
2323 AZJF +D2]

SR AR YRS Y IE Ko 0)=lp222 (0)=G822 ()] (081 (1)~ (T)
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and

52(1):=[0222 (T,1) = G,12 (T,1)] " [Gfu,1(t)—Grp— funalt)]
the equation (61) is expressed as “
A(t)=Ka(t)x° (1) + 52 (1), te(t,T] (64)

with
K(T)=G (65)
$2(T) = —Gry (66)

In particular, for the right limit at #; we have

AC (t+) = Ko () x° (1) + 52 (1) (67)

Similarly, for the solution of (52) for # € [0,#;) we have

X7 (ts—=) = 0111 (1,1) X7 (1) + @112 (15, 1) A° (£) + fan 1 ()
(68)

A% (ts) = @121 (t5,1) X7 (2) + @122 (£5,2) A° (t) + fur 2 (t)
(69)

with the definition of fy1 1 (¢) and fy 2 (¢) for t € [0,1,) being

l:fdl,l (f)] — /"Y [ ¢ (15,7) 9112 (15,7) } [Dl (’C)} Jt
fa2@) | S | 0121(8,7) G122 (ts,7T) 0

(70)

Using (42) and the boundary condition (46) we may write

A9 (ts) = PTA (ty+) + piigy + Cx° (t,—)
= PT[Ka (1) x° (t5) + 52 (t5)] + P + Cx° (t—)

= [PTKy () P+ C| x° (t;—) + PT 55 (t5) + phm  (71)
Substituting x° (t,—) and A° () from equations (68) and
(69) we get

P101 (1, 1) X7 (1) + @102 (15, 1) A% (1) + far 2. (1) =
[PTK (1) PHC[ 91,1186, £) x°(8)+ 01,12 (5, 1) A%(8)+ far 4(2)]
+PT52 ( s) +pnm (72)

or

[¢1~,22 (t5,1) — [PTKZ (ls)P-i-C] 012 (ts,t)] A? (1)
= ([PTKZ (ts)PJFC} 0111 (t5,1) — P121 (ls,t))xo (1)

+ [PTKZ (ts)P""C] fdl,l (t) _fdl,2 (t) "l‘PTsZ (ts)'i'pﬁm
(73)

With the definition of

K (1) := [¢122 (t,1) — [PT K2 (t;) P+ C] 91,12 (fs,f)rl
([PTKZ (IS)P—FC} 0111 (15,1) — 91 21 (ts,l‘)) (74)
and
S1 (l) = [(}51’22 (ISJ) — [PTKQ (IS)P-FC] ¢1712 (ISJ)]?
([PTKx (1) P+C] fur.1 (1) = far2 () + PT 52 (t;) + piim)
(75)
it is concluded that
A%(t) =K (6)x° (t) +51 (1), € [0,z) (76)

Note that the following relations hold by the definitions
of K;(t) and s; (¢):

K] (ls)
s1(ty) =

Taking the time derivative of (64) and (76) it can be shown
that

=P'K, (t,)P+C
P’ 52 ( ) + piim

(77)
(78)

K; = K;B;B' K; — K:A; — AT K;
— (AIT — K,’B,’Blr) Si— KiDl'

(79)
(80)
From equation (23) and the result of Theorem 3 the

gradient of the value function is equal to the adjoint process
and hence

1
ExTKz (t)x+s2(t)" x+ 01 (1)
where from Theorem 2 and the terminal condition (19),

o (T) should satisfy

V(taq27x50): (81)

1
-DI'D
2272

From Theorem 2 and the HIB equation (18) we must have

o (T)= (82)

1 . . 1
—xTKox+ 52T x+ 6 + > (Kax+52)" BaBY (Kpx+52)

2
+ (Kpx+52)" (Ax— BoBY [Kox+s52)+D2) =0 (83)

which results in

1 .
—x" (Ky + K>A> + AT K> — K2BoBY Ko ) x

2
($2+AL s, — KoByBY 52+ KaDy) " x
+ o — %sngBgsz +sTDy=0 (84)
and hence (see also (79) and (80))
o= %szTBngsz —s3Da, te(t,T]  (85)
Similarly
V(t,q1,x,1) = %xTKl () x+s1 () x+ oy (1) (86)
concludes that
o = %slTBlBlTsl —sTDy, €0,t)  (87)
which, together with (85), gives
& = 1s,.TB,~B,.Ts,~ —sI'D; (88)

2

For determining the boundary condition for () at z; we
consider the boundary condition (20) for V that states

1
V(ts—,q1,x,1) =V (t;:+, 92, Px,0) + ExTCx (89)

i.e.

l

3 x4 oy (t,—)

s—)x+ 51 (I

_ ExT [PTK> (1,4) P+Cl x +52 (t4) Px+ o (1+)  (90)
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From the boundary conditions for K; and s; in (77) and
(78) we get

o (t5—) + phj,x = 0 (ts+) 91
but since for all x € {x:m(x) =0}
0
Alx=[ xa(t—) 0 xg(t5—) 0] )g =0 (92
X4
the boundary condition for o (¢) at ¢, becomes
o (15—) = oy (15) = o (t;) = o (15+) 93)

Hence, the value function is constructed in the form
of the equations (81) and (86) where K;, s; and ¢; are
respectively the solutions of (79), (80) and (88) with the
terminal conditions (65), (66) and (82) and the boundary
conditions (77), (78) and (93). O

VII. CONCLUDING REMARKS

The generalization of the hybrid optimal control theory
to include the class of hybrid systems with low dimensional
switching manifolds makes possible the modelling and op-
timal control of a larger class of hybrid systems including
collision and rendez-vous problems. In general, for N masses
to meet in the same location simultaneously, the rendez-
vous point corresponds to a codimesion d N submanifold
in R*V | the state space corresponding to the dynamics of
the N masses in the d-dimensional physical space, i.e. 3N
constraints for the 3 dimensional space, 2N constraints for
planar motions and N constraints for linear motions.
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