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the use of Kautz models, which seem to have large potential in many Single State Elastoplastic Friction Models
applications in control theory and signal processing, where modeling
of resonant systems is of importance. Pierre Dupont, Vincent Hayward, Brian Armstrong, and

Friedhelm Altpeter
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single-state friction models exhibit a nonphysical drift phenomenon which
results from modeling presliding as a combination of elastic and plastic dis-
placement. A new class of single state models is defined in which presliding
REFERENCES is elastoplastic: under loading, frictional displacement is first purely elastic
and then transitions to plastic. The new model class is demonstrated to sub-
P. Lindskog and B. Walhberg, “Applications of Kautz models in SySterﬁtantially reduce drift while preserving the favorable properties of existing
identification,” in IFAC 12th Triennal World CongresSydney, Aus- models (e.qg., dissipativity) and to provide a comparable match to experi-

tralia, 1993, pp. 41-44. mental data.
B. Wahlberg, “System identification using Kautz modeEEE Trans. Index Terms—Friction compensation, friction modeling, mechanical sys-
Automat. Contr.vol. 39, pp. 1276-1282, June 1994. tems, presliding.

B. Wahlberg and P. M. Makilg, “On approximation of stable linear dy-
namical systems using Laguerre and Kautz functioAstomaticavol.

32, no. 5, pp. 693-708, 1996.

M. A. Masnadi-Shirazi and N. Ahmed, “Laguerre approximation of non

recursive discrete-time systems,” Rroc. IEEE Int. Conf. Acoustics,  Friction modeling is important at all stages of the life cycle of a preci-

fgggfll'n,slszignal Processinglbuquerque, NM, Apr. 3-6, 1990, pp. gjon servo. During machine design, accurate friction simulation allows

, “Optimum Laguerre networks for a class of discrete-time Syg_or perfo_rmance_ prediction_and optimi;ation—suggt_esting _choices of
tems,” IEEE Trans. Signal Processingol. 39, pp. 2104-2108, Sept. mechanical designs, materials and lubricants to facilitate friction com-
1991. o _ _ _ _ ~ pensation. In compensator design, the role of friction modeling can
M. A. Masnadi-Shirazi, “Optimum Synthesis of Linear Discrete-Timeye categorized according to whether or not the friction compensation

Systems Using Orthogonal Laguerre Sequences,” Ph.D. dissertatig .
Univ. New Mexico, Albuquergue, NM, 1990. 'model-based. Examples of nonmodel-based compensators include

T. Oliveira e Silva, “Optimality conditions for truncated Laguerre nethigh-gain feedback [11], impulsive control [3] and dither [7]. These
works,” IEEE Trans. Signal Processingol. 42, pp. 2528-2530, Sept. techniques require accurate friction models for analysis: to predict op-

1994. erating point stability [11], limit cycle stability [4] and performance

——, “On the determination of the optimal pole position of Laguerr B :
filters,” IEEE Trans. Signal Processingol. 43, pp. 2079-2087, Sept.%]' I\/!og!el based compensators perform feedforward cancellation of
1995, the friction force. Their success depends on knowledge of the model
——, “Optimality conditions for truncated Kautz networks with two pe-structure, its observability, and knowledge of the model parameters [8],
riodically repeating complex conjugate poletZEE Trans. Automat. or, in the case of adaptive controllers, the capability for parameter es-
Contr, vol. 40, pp. 342-346, Feb. 1995. timation [2], [13], [18].

A. C. Den Brinker, F. P. A. Benders, and T. Oliveira e Silva, “Optimality : . _ .
conditions for truncated Kautz serietEE Trans. Circuits Syst. Iol. The question of appropriate friction models has been raised many

43, pp. 117-122, Feb. 1996. times; a 1994 survey cites 280 articles addressing issues of friction
G. J. Clowes, “Choice of the time-scaling factor for linear system apnodeling, control and applications [5]. Perhaps the most significantim-
proximations using orthonormal Laguerre function&EE Trans. Au-  pediment to friction modeling is that the physics underlying “sticking”

tTorr\;\?t.Pi(r)l?str, Yglh (’)Ai‘gélcg’ tﬁﬁé‘fjﬁﬁﬁﬁ'g ‘;tu érgrgsépproximations usinand sliding in lubricated contacts are different. What is classically re-
signal measurements|EEE Trans. Automat. Confrvol. AC-16, pp. ferred to as “sticking” or static friction is now known to be a regime

511-513, Oct. 1971. extending over several microns of motion in metal contacts in which
Y. Fuand G. A. Dumont, “An optimum time scale for discrete Laguerrériction force is predominately a function of displacement [5]. In this
”etW‘{fg';'g;ErEﬁ]”;i OAn“g]ZT:gu%‘:rne“]{i‘l)ttf&%ﬂ-éﬁﬁ;ﬁ&%ﬁ‘:ﬁ é\%ﬁ regime, known as presliding, friction is a reaction force that compen-
response data,” itFAC 12th Triennal World CongresSydney, Aus- %ates for exter-nfilly appllfed forces. . L .

tralia, 1993, pp. 35-39. In high-precision pointing and tracking applications, presliding can
N. Tanguy, P. Vilbé, and L. C. Calvez, “Optimum choice of free parambe the dominant friction phenomenon. Dahl, motivated by a coworker’s
eter in orthonormal approximationdEEE Trans. Automat. Confvol.  description of the lightly damped relative lateral oscillations of two flat
40, pp. 1811-1813, Oct. 1995.

A. C. Den Brinker and H. J. W. Belt, “Optimal free parameters in or- Manuscript received March 12, 2001. Recommended by Associate Editor
thonormal approximations|EEE Trans. Signal Processingol. 46, pp. M. Reyhanoglu. The work of P. Dupont was supported by the Office of Naval
2081-2087, Aug. 1998. Research under Award N00014-98-1-0755. The work of V. Hayward was
N. Tanguy, R. Morvan, P. Vilbé, and L. C. Calvez, “Improved methodupported by an Operating Grant from the Natural Sciences and Engineering
for optimum choice of free parameter in orthogonal approximationsCouncil of Canada.

IEEE Trans.Signal Processingol. 47, pp. 2576-2579, Sept. 1999. P. Dupont is with the Department of Aerospace and Mechanical Engineering,
R. Morvan, N. Tanguy, P. Vilbé, and L. C. Calvez, “Pertinent parameteBoston University, Boston, MA 02215 USA (e-mail: pierre@bu.edu).

for Kautz approximation,Electron. Lett, vol. 36, no. 8, pp. 769—-771, V. Hayward is with the McGill Centre for Intelligent Machines, Montreal, QC
Apr. 2000. H3A ZA7, Canada (e-mail: hayward@cim.mcgill.ca).

A.H.G. Gray Jrand J. D. Markel, “A normalized digital filter structure,” B. Armstrong is with the Department of Electrical Engineering and Com-
IEEE Trans. Acoustics, Speech, Signal Processimg ASSP-23, pp. puter Science, University of Wisconsin, Milwaukee, WI 53706 USA (e-mail:
268-277, June 1975. bsra@ee.uwm.edu).

A. Derrien, “Modélisation des Systemes Linéaires a Temps Discret viaF. Altpeter is with Charmilles Technologies S.A., CH-1217 Meyrin 1,
un Procédé D’'orthogonalization et un Algorithme de Gauss-NewtonSwitzerland (e-mail: friedhelm.altpeter@ieee.org).

Ph.D. dissertation, Université de Brest, Brest, France, 1994. Publisher Item Identifier S 0018-9286(02)04762-1.

|. INTRODUCTION

0018-9286/02$17.00 © 2002 IEEE



788 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 5, MAY 2002

plates separated by three ball bearings, was the first to attempt to model \ s
presliding for controls applications [9]. His model, and a subsequent
generalization known as the LuGre model [8], are justified based on
their ability to reproduce experimentally observed friction behavior.
Dahl's model simulates the symmetric hysteresis loops observed in
bearings undergoing small-amplitude sinusoidal forcing. The LuGre
model was designed to extend Dahl’s model to include other effects,
such as those associated with the sliding of lubricated contacts.

Both models incorporate a single continuous state to model presliding
displacement. Recently, multi-state models have also been proposed for
presliding. As can be expected, they are capable of reproducing more so-
phisticated presliding behavior—in particular, hysteresis. For example,
the model of Sweverst al.employs one continuous state plus an array
or stack storing positive and negative force/displacement extrema asso-
ciated with nested hysteresis loops [17]. Eig. 1. Stribeck curve of steady-state friction force versus rigid body velocity

For many applications, such as machine tools, the single-state
models still hold appeal due to their comparative simplicity for
system analysis, controller design and implementation. A significawhere f.. (&) is the steady-state friction force versus rigid body ve-
limitation of these models, however, is that they exhibit drift: systemacity, also called the Stribeck curve. A representative plgto¥ersus
subjected to an arbitrarily small bias force and arbitrarily small is seen in Fig. 1. The Stribeck friction curve is sometimes drawn
vibrations, experience unbounded displacements [15]. For exammaly in the first quadrant; here a more general form is considered in
the single-state models predict that a block placed in frictional contaghich fs(#) is a signed quantity and which allows different values of
with an inclined plane and subjected to small vibrations would crespeady-state friction in the positive and negative motion directions. As
down the plane. Practical experience shows that this drift is spuriousefore,z(¢) specifies the state of elastic strain in the frictional contact;

In this note, it is shown that drift is due to the fact that presliding disr; and» are contact stiffness and viscous friction parameters; and
placement in the Dahl and LuGre models always includes a plastic @r- provides damping for the tangential compliance. The LuGre model
reversible) component. To minimize drift, a class of single-state modeigecializes to Dahl’s model if; = o2 = 0 and|f.. ()| = fo.
are defined in which presliding is elastoplastic, i.e., under loading thelntroducing the steady-state elastic strain corresponding to steady
displacement is first purely elastic (reversible) before transitioning shiding at velocityi as
plastic (irreversible). In Section Il, a condition for elastoplastic pres-

liding is defined in terms of a breakaway displacement and a theorem sli) = fa—(ol) . | >0 )
is presented casting this result in terms of single-state model equations. = lim,_ g+ (fa—(o”) , £=0

This section also derives conditions on combined elastic and plastic

displacement. Sections Il presents a new class of single-state modéle governing equation of model (3) may be written as

which are shown to exhibit elastoplastic presliding. In Section IV, ma- -

chine tool experimental data is used to compare the LuGre and elasto- Z=1u < - y—(r)) (5)

plastic models. Conclusions appear in Section V.
where the second case @f(z) is defined (arbitrarily) to assure that

Il. SINGLE STATE MODELS Z(& = 0) = 0. For use later in the note, the maximum and minimum

) o ) ) ] steady-state friction valueg,.x and fmin, respectively, are defined as
Consider the class of friction models involving a single state vari-

able in which rigid body displacemeniis decomposed into elastic (re- frmax =sup |fss(@)| > 0, (6)
versible) and plastic (irreversible) componentandw, respectivel L .
) p ( ) p p y fnﬁn = lnf |f<i(1r)| > 0. (7)
r=z+w. 1) ”

Friction models typically define the elastic dynamics explicitly whil

A. Elastoplastic Preslidin
the plastic displacement is defined implicitly. For example, Dahl's ~~ P g

friction model takes the form Presliding displacement can be categorized using the rate equations
i that follow from the displacement equation (1):
. . g0 ;.
fr=00z, 00>0; 2= <1 - —sg‘n(.r);) 2 .
fo r=2z -

. . N ) o . } elastic displacement 8)
wheref is the friction force z(¢) specifies the state of elastic strain in w=0
the frictional contact, andy, the contact stiffness [9], [10]. With suf- & = £+ mixed elastic and plastic displacement )
ficient unidirectional sliding, the force saturates at the Coulomb level = lastic displacement/slidin (10)
fc. The integer exponeritwas used by Dahl to govern the transition =0 P P 9

rate ofz in order to achieve a better experimental match. Applications

o 25 aan :ssglnzog(e:riglgy%ﬁ: lE/u%Tg lg?lc:ir:;vri?(ilﬁ.s an extension %?termined b_ythe sequence of _sli_d_ing stat_e_s itproduces when sub_je_cted
Dahl’'s model that can prc’)vide representations of Stribeck friction vitQ an increasing load from zero initial conditions. The following defini-
L L e I 10N, VISt ns will be used in this noté&lastoplastic preslidingtarts out elastic
cous f_rlctlo_n, rising static friction and frictional memory during S|Ip(8), proceeds to mixed (9) and then to plastic (Rpstic presliding
[8]. Itis written omits the elastic regime (8) and so always includes a plastic component.
fr =00z + o012+ 02k, 00,01,02 > 0; A model lacking presliding entirely omits both the elastic and mixed
.. oo . regimes. These observations make it possible to define the requirement
== <1 e ()] Sgn(m)z) @) for a single-state friction model to exhibit elastoplastic presliding.

The type of presliding displacement provided by a friction model is



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 5, MAY 2002 789

Definition 1: A single-state friction model possesses elastoplastite model nondissipativei;«w < 0. This effect can be avoided by
presliding if there exists a breakaway displacemgnt> 0 such that proper choice of model parameters [1], [6].

|z(t)| < zba impliesw(t) =0,V & € R. 3) Elastic “Super Relaxation” Following Motion
To apply this definition to single-state friction models, consider thReversal: Inmediately following a sign change of rigid-body
following general equations: velocity #, the elastic displacement, must relax before stretching
. . . in the opposite direction. If the rate of relaxation exceeds the rigid
fr=00z+ 012+ 028, 00,001,020 >0, (112) body velocity
3 =i <1 — oz, jf)é) . (12)
Zas () sgn(4) # sgn(w) (16)

By proper choice of model parametersand functiony, these equa-
tions encompass a number of friction models including those of Dand dissipation is increased. Given the experimental observation that
[9], Haessig and Friedland [14] and the LuGre model [8]. These choice@ntacts transitioning to rest from fully developed sliding experience
also determine the model’s properties as well as the frictional pHightly damped tangential oscillations [16], this phenomenon, if
nomena it can reproduce. The following theorem states the conditig@fesent, is of limited effect. It is therefore precluded from the model
under which a model of this form will exhibit elastoplastic preslidingpresented below. However, its inclusion, if needed, is straightforward.

Theorem 1: A friction model described by (11) and (12) possesses The conditions describing elastic and plastic presliding, as well as
elastoplastic presliding if and only if there existsia > 0 such that sliding, can now be summarized in a time-independent formulation as
a(z,2) =0,Vz € {|z| < zba}, V& € R. follows. Equations (8) and (10) yield

Proof: Assume that the model possesses elastoplastic pres-

liding and is in its elastic regime with = # % 0. By (12), 4= _ {1’ elastic presliding 17
oz, &)[z/z(#)] = 0. Sincez () is bounded, this is true if either d 0, plastic presliding/sliding.

z(t) = 0 ora(z, ) = 0. However,z(¢) = 0 contradicts the assumed Equations (14)—(16) are summarized by

existence of elastic presliding. Thus, it must be true that ) = 0,

V2 € {]z] € za}, Vi € R.Now, assume that(z,4) = 0, No Stribeck 0 }<d_4 < {L No super relaxation
V2 € {|z| < 2.}, Vi € R. Clearly: = i andi = 0 for || < 21,4 Stribeck  Swmin J “daz = | Smax, Super relaxation

so that the model possesses elastoplastic presliding. [ | (18)

These results can be used to evaluate the properties of models fitting ) )
the form of (11) and (12). For example, casting the LuGre and Dafffere the existence of the bounfils:. , due to the Stribeck effect, and

models in the form of Theorem 1, they satisfy the inequality Smax, due to super relaxation, will depend on the equation adopted to
1 describe the dynamics. For the LuGre model and a reasonably smooth
0<alz,)——— < (13) Stribeck friction model (e.g., [5]), it is seen from (3) and the fact that
260 ()] 2] < fune/00 that Suin = (L — furan/ frnin) AN Sy = (1 +

and there is nay,, > 0 corresponding to an elastic regime. Thus, Withf.,.x / fumin ).
the exception of a constant friction forcg(t) = fs(to), YVt > to,
any friction force history produces plastic presliding for these models. Il. THE ELASTO-PLASTIC MODEL

B. Mixed Elastic and Plastic Displacement This section presents a class of models of the form of (11) and (12)
that exhibit elastoplastic presliding. A breakaway displacemgnt>

Before defining a general elastoplastic model, the cases of eIa%tlﬁ:s defined such that the models behave elastically|for< i

displacement combined with either plastic presliding or sliding requilﬁleniS model class also preserves the following properties, which can be
achieved by models of the LuGre type. Proofs of these properties are

a careful description since they define bounds\9n, ) in (12). The
rate equation governing these combinations is given by (9), and thrs‘?Faightforward and can be obtained from [6], [8], and [12].
cases must be considered. } T

1) The state: is bounded: If|2(0)] < Zmax = fumax/00 then
|2(t)] < zZmax, VE > 0.

1) Relaxed Contact Undergoing Loadingdf a friction model al-
lows a regime of mixed elastic and plastic presliding, a relaxed contact : . . .
undergoing loading can experience displacement rates satisfying 2) .Equatlons (17) and (18) are s_at|sf|ed._Assum|ng super relaxation
is precludedf) < dz/dx < 1 if no Stribeck effect is modeled
sgn(x) = sgn(w) = sgu(z). (14) and—oo < Swin < dz/dx < 1, otherwise.

) During sliding, the friction force opposes slifiw > 0,V i #
0 (assuming proper choice of model parameters, as discussed in
(1], [6D).
‘4) The model is dissipative for all # 0.
0 achieve these properties, we define the piecewise continuous
functiona(z, &):

This equation constrains the rates of elastic and plastic deformation to3
fall between the limits obtained in the cases of pure elastic displacement
and pure plastic displacement (or equivalently, steady-state sliding)
In two special cases, however, one of these equalities can be violate
These are described below.

2) Elastic Relaxation Due to the Stribeck Effecthe Stribeck

curve, as depicted in Fig. 1, indicates that the steady-state friction 0, <.

force is a decreasing function of velocity magnitude at low velocities. . @ (+), |2 < ba .

By (11) and (12), following an increase in velocity, the elastic ~ (%% = q | Zha < |2 < ZSS(‘f") SEUL =Sgu .
deformation must decrease, despite continued sliding, to produce the 0; 2| > zes ()

smaller steady-state friction force. The inequality send #sgnz.

sgn(&) # sgu(z) (15) (29)
holds during the elastic relaxation. If the friction model includes an

elastic damping term, such asz in (11), the elastic damping can re-
verse the direction of the friction force during relaxation—rendering with 0 < 21, < zs(2), Vi € R. (20)
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a(z) TABLE |
A ESTIMATED FRICTION MODEL PARAMETER VALUES. NOTE THAT FOR THE
1 TRAJECTORIESCONSIDERED VISCOUSFRICTION IS NEGLIGIBLE, I.E., 02 &2 0
X f Parameter | Elasto-plastic | LuGre
> 2z fo (N-m) 0.2058 0.2345
“Zs  "Zpa 0 Zba s foc (N-m) 0.0459 0.0212
. o o B Zba/%ss (mrad/mrad) 0.7169 NA
Fig. 2. Plot ofa(z, &) for sgn(#) = sgn(z). 70 (N-m/rad) 536601 56 3805
-m- 2.8034 0.8115
Work tank o1 (N-m-sec/rad)
Ball Workpiece table '
—— Model
0.2+
& 1| [ ]
Lilnear scale encoder :
Ball-screw-and-nut
Motor encoder transmission =
Belt AC-Motor EI.
reduction c Or
S
(5]
Fig. 3. Schematic diagram of electrical discharge machining (EDM) systenit
03 Eiasto-Plastic Model . . .
—— Modei : _0.2-
-0.06 -0.03 0
o1} Position [rad]
€ Fig. 5. Comparison of friction torque versus angular displacement for
g L g measured data and the elastoplastic model.
: ; .
|
: —— Model
0.2+
£
15 20 %5 £
Time [sec) 5 or
5
Fig. 4. Friction torque versus time. Both experimental data and elastoplas-
model prediction are depicted.
The piecewise continuous function< a,,(-) < 1 in (19) controls 0.2
mixed elastic and plastic displacement. A specific exampteof-) is
given by ,
1 [ == (E==t2e)) 1 -0.06 -0.03 0
(2, 2ba, 2ss) == 8in | mT———=—2 ] 4 =, Position [rad]
2 Zss T %Zba 2
Zha <|2| < zes (). (21) Fig. 6. Comparison of friction torque versus angular displacement for

measured data and the LuGre model.
Graphically,«(z, &) for sgn(i) = sgu(z), has the general shape de-

p!cted In Fig. 2. The existence of an elastic presliding regime fOHOV\fﬁe introduction of additional fluid-related state variables would provide
directly from (19) and Theorem 1.

The dependence of; on.i isthe consequence of forcing the model t better consistency with the underlying physics. Heygis chosen o be
e : L ndependent of. The result is that the range obver which combined
represent presliding displacement and the Stribeck effect using just Netic and plastic presliding occurs is a functiorof
state. The Stribeck effect describes the steady-state behavior of the sepa-
rating lubricant film dynamics. The underlying assumption (in common IV, EXPERIMENTAL EVALUATION
with the LuGre model) is that the fluid layer develops its thickness in- '

stantaneously inresponsetothe inpahd the slowerasperitydynamics To test the capabilities of the elastoplastic model, friction data was
control the evolution to the steady sliding friction force associated wittbtained from the:-axis of a Charmilles’ wire electrical discharge ma-
4. No attempt is made to justify this assumption here. It is likely thathining (EDM) system. EDM is used to manufacture such items as dies,
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Fig. 7. (a) Motor torqueF.ica, Versus time. (b) Angular displacement predicted by the elastoplastic friction model. (c) Angular displacement predicted by
the LuGre model.

molds and cutting tools. Since the positioning tolerance for these sysedel to reproduce both “major” and “minor” hysteresis loops. Major
tems is less than a micron, most of the machining operation is performedps correspond to closed torque-displacement curves, such as those
within friction’s presliding regime. With displacement sensing resolwbserved by Dahl, in which periodic motion achieves fully developed
tionof 0.1 micron becomingthe industry standard, these systems prowtiding in both directions. Minor loops are closed torque-displacement
excellent test beds for measuring the displacement dependence of riaves that occur entirely within presliding.
tion.

C. Estimation

A. Test Bed Friction parameters were estimated for the elastoplastic and LuGre
A schematic diagram of the test machine is shown in Fig. 3. The drimeodels by minimizing mean square error in friction force over a trajec-
system consists of an ac motor, belt reduction, a ball-screw-and-iary, using a nonlinear search technique. Due to the boundary lubricant,
transmission and a linear scale. Friction is primarily present in the vay:. ()| = fc is constant for both models. Its value was found to de-
ious ball bearings and in the transmission system; measurementspiend on the direction of motion, however, so an offset tefisa;,, was
dicate that linear bearing friction can be assumed negligible. Desiratroduced. Velocity was estimated from first-order differencing of po-
velocity from the machine’s CNC is fed to a servo system that contragtion data followed by symmetric low-pass filtering at 3 Hz.
the AC motor using displacement measurements obtained from bottParameter estimates for the elastoplastic model, described by (11),
the motor encoder and the linear scale encoder. (12), (19)—(21), withess (&) = fc /oo, and the LuGre model, described
For friction parameter estimation, motor encoder position and refday (3), are given in Table |. Parameter variances are not provided due
ence motor torque are sampled at 100 Hz and stored for offline an@l-the limited number of trials considered.
ysis. The belt reduction is extremely stiff; frequency measurements in-Predictions of friction force corresponding to these parameter esti-
dicate that transmission stiffness exceeds friction interface stiffnessroptes are shown in Figs. 4 and 5 for the elastoplastic model, and in
a factor of one hundred. With a transmission reduction ratio of abakig. 6 for the LuGre model. Estimated friction force is comparable for
one thousand, displacements within the presliding regime are easilylvseth models. For the trial depicted, RMS friction error was 11.9% for
solved using the high-resolution motor encoder. the elastoplastic model and 12.4% for the LuGre model.

B. Trajectory Design D. Results and Discussion

To design trajectories for estimating presliding friction, preliminary The advantage of the elastoplastic model is its ability to minimize
experiments were performed to obtain upper bounds on acceleratpurious drift. Its capability to do so is clear from the estimated value
and velocity. The bound on acceleration ensured that friction domis. /zs. = 0.7169. This value indicates that for 71.69% of the friction
nated inertia. Thus, friction torque could be estimated using motor cstate’s range of motion, centered around the unloaded state, presliding
rent. The bound on velocity ensured that presliding friction dominataelisplacement is purely elastic. In this range, no drift will occur.
viscous friction so that the latter could be neglected. In addition, theseFor illustration, consider the motor torque,,,i.q(¢), shown in
machines use boundary lubricants to eliminate the Stribeck effect. Fig. 7(a). Initially, the torque increases linearly so as to exceed the

A typical trajectory meeting these requirements is depicted in Fig. hagnitude associated with fully developed (plastic) slidifegs+ foc.

It consists of an initial segment of unidirectional sliding, in which &he torque is then reduced to about one quarter of this level and an os-
constant friction torque is achieved, followed by seven closely-spaceitlatory component is added. Such a component could correspond to
direction reversals. Such a trajectory tests the capability of a fricti@ystem vibration or (position) sensor noise in a feedback loop.
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V. CONCLUSION

In high-precision applications, such as EDM, control within the
presliding regime is mandatory. Single state models, as approximate
representations of friction, are appealing for these applications since
their simplicity and continuity facilitate controller design and analysis.
Unlike models with many or even infinite states, however, single
state models overestimate plastic displacement in presliding—they
drift. As demonstrated in Section 1V, for applications that involve
periodic motions within the presliding regime, the cumulative drift can
grow without bound. The elastoplastic models developed in this note
eliminate drift in the elastic presliding region and so can substantially
reduce total drift. This enhancement can extend the application domain
of single state models to trajectories dominated by presliding.

! : ! !
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Fig. 8. (a) Torque versus displacement for elastoplastic model. The dasheds8]
horizontal line is a lower bound on the amplitude of the small loops such that
there is no drift. (b) Torque versus displacement for LuGre model. Note the
differing horizontal scales.

0.12

9]

The response of the EDM machine for this torque input was simul1%]
lated using the parameter values in Table |. Machine position versug g,
time is plotted in Fig. 7(b) and (c) for the elastoplastic and LuGre
models, respectively. The corresponding torque versus displacemenp]
curves are shown in Fig. 8(a) and (b). During the initial porte2 6ec)
of the trajectories, both models predict fully developed sliding. This can
be most clearly seen by the saturation of the friction forces in Fig. 8. [13]

During the subsequent sinusoidal loading, however, the elastoplastic
model predicts elastic presliding with no net displacement. (Note that, 4
the area inside the small loops of Fig. 8(a) is due to the damping term
a1 % in (11).) The LuGre model, which always includes a plastic com-
ponent of presliding, predicts that the displacement increases as loiitp]
as the sinusoidal torque is applied. This drift, which will occur for arbi-
trarily small sinusoidal torques of the forf, piieca = A+ B sin(wt);

A, B > 0, is clearly contrary to the fact that even objects with lubri- 16]
cated contacts remain situated in the presence of small loads and vibt[a-
tions.

For the elastoplastic model, the quantitya/zss)fc + foc =
0.1934 N-m, labeled as a dashed horizontal line in Fig. 8(a), provideg17]
a lower bound on the torque amplitude+ B for which no drift will
occur. Thus, the small loops in this figure can extend at least as high
as this boundary without producing any drift. Note that this bound de-[lS]
pends on the experimentally estimated ratiQ/z.. and so may vary
considerably between applications.
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