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Abstract

Virtual haptic interaction with simulated deformable
bodiesrequirescontactforcesto becomputedwith reason-
able approximationsin real time. This paper makes use
of St. Venant’s principle on concentrated loads,and Cas-
tigliano’s theoryon deflectionto showthat whenan elas-
tic body is globally deformed,the point-force representa-
tion of a tool contactis a goodapproximation. However,
whenthedeformationof thebodyis localizedin a smallre-
gion, the contactforcescritically dependon the shapeof
the tool. Previouslyproposedapproachesbasedon finite
elementandboundaryelementmethodsto predictdeforma-
tion can not alwaysbe usedto simulatetool contact. We
proposea modelfor computingtool force-displacementre-
sponseswhich is efficientlycalculatedat run timeby inter-
polationof pre-calculatedforce-deflectionresponses,each
representingtheresponseof a contactbetweena giventool
anda body. Theinterpolationapproach ensurestheconti-
nuity of the rendered force, althoughthis force is obtained
from pre-calculatedresponsesat a set of discrete surface
points. Thepaperalso describeshow sliding contactscan
bemodeledbycomputingtangential friction forcesin terms
of pre-slidingdisplacementsover the surfaceof the unde-
formedbody. Testsinvolving two deformationtypesand
variouscontactformswere performedon samplesof rub-
ber and of calf liver. A computerimplementationis also
described.

1 Introduction

Duringhapticrendering,theforcesresultingfromapoint
contactwith a rigid body areusedto representthe shape,
texture,andthepositionof abody[17, 15]. Whenthisbody

is deformable,the contactforcesmustsimulatethe details
of theinteractionbecausetheseforcesdependontheelastic
propertiesof the body, on how the body is supported,and
mostcritically, on thetool used.An accuraterepresentation
of thesefactorshasimportancefor surgical simulatorsand
otherapplications.

Thepointcontactrepresentationusedfor renderingrigid
bodiesis not always sufficient. When an elasticbody is
globally deformed,a point representationcan suffice to
predict the contact forces, but when the deformationof
the body is localizedaroundthe contactpoint, the contact
forcescritically dependon the shapeof the tool that de-
forms the body. The considerationof small tool tips and
small contactareasdoesnot eliminatethe dependency of
theinteractionon tool shape,quitetheoppositeis true.The
forceresponseof acontactinteractionwith localizeddefor-
mationessentiallydependson two inputs: thecontactarea
andthedistributionof deflectionover thatarea.

A contactthatcauseslocal deformationcannotbeprop-
erly simulatedby presentapproaches[1, 3, 5, 18, 4, 8, 16,
2]. In all theseapproaches,thetool forcemustbecomputed
from forcesacting at verticeslocatedin a contactregion
determinedby interferencedetection.Thepoint contactre-
gionmaycontainonly onevertex, or a few vertices,accord-
ing to arbitraryfactorssuchaselementsizeandshape.The
numberof verticesmustremainlimited dueto therealtime
constrainton computationsof largescalemodels.Thede-
flection at the interactionpoint thenresultsin a force that
alsodependson the elementsizeandshape,when in fact
the force of a contactinteractionwith localizeddeforma-
tion shoulddependonly on deflectionandon the areaof
deflection. In [9], a point contactwasmodeledby a pre-
determineddistributionof tractionoverafixedcontactarea,
but the changeof the contactareaand the distribution of
tractiondueto shapeandmovementof thetool wasnotcon-
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sidered.
This paperintroducesa model for haptic renderingof

contactof a tool with an elasticbody which causeslocal-
ized deformation.The tool shapeis presentlyrestrictedto
axissymmetricalshapes,but any tool could in principlebe
programmed.Interactionforcesareevaluatedatruntimeby
interpolationof pre-calculatedforce-deflectionresponses,
eachrepresentingtheresponseto themechanicalinteraction
betweena giventool anda body. Thestoragerequirement
areactuallyquitemodest.

Pleasenotethatnowherein this paper, the assumptions
of materialhomogeneity, isotropy, andlinear elasticityare
required.It is alsolikely that theconsiderationof contacts
thatinvolvelocalizeddeformationcoversagreatnumberof
casesencounteredin surgical simulationproblems.This is
thecase,for example,of all simulationswhichsimulatepal-
pationwith a tool thatdoesnotcausedamageto thetissues.

Section2, examinestheeffect of tool shape.Section3,
presentsa modelfor hapticrenderingwith localizeddefor-
mation.Testsaredescribedin Section4 andtheresultsdis-
cussed.An implementationis presentedin Section5 before
concluding.

2 Effect of Tool Shape

Considerdifferent tool shapesacting separatelyat the
samepoint of a firmly heldelasticbody, suchthat thecon-
tact areaalwaysbelongsto S, a small areaat the point of
contactwhich is invariantfor all interactionsat this point,
seeFigure1. St.Venant’sprinciplestatesthat:

“If the forcesacting on a small areaof a body
arereplacedby a staticallyequivalentsystemof
forcesactingon thesamearea,therewill becon-
siderablechangesin local stressdistribution, but
the effect at distanceslarge comparedwith the
areaon which theforcesactwill benegligible”.

S

δ f

�
F

Figure1: An interactionbetweena linear elasticbody and
atool shapein whichcontactareaalwaysbelongs
to S.

Applying this to all possibleinteractionsover S with a
single acting force F , the stressdistribution, and conse-
quentlythestoredelasticenergy far away from thecontact

place,is almostindependentof the distribution of traction
over S, andaccordingly, to the tool shapeof eachinterac-
tion. Thereforefor interactionsoverSwith globaldeforma-
tion in which elasticenergy is distributedover entirebody,
thetotalelasticenergyof thebodydependsonthetool force
alone.

Castigliano’s theory’s on deflectionappliedto interac-
tionsat Swhich causeglobaldeformationtogetherwith al-
mostuniform displacementover S, predictsthe deflection
of eachpointof S in thedirectionof thetool forceF to be:

δ f
� ∂ U

�
F �

∂F � (1)

whereU is theelasticenergy of the interaction.Pleasesee
[11] for the proof of theory and for the precisedefinition
of δ f accordingto thecomponentsof thedeflectionof each
pointsof contactinsidethesurfaceS. Equation(1) is almost
independentof tool shape,thereforea point representation
for tool contactis sufficient. Figure2ashowsanexampleof
interactionwith globaldeformation.
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Figure2: (a)An interactionwith globaldeformation(b) An
interactionwith localizeddeformation.

To seethat tool shapehasa significanteffect on the in-
teractionforce with localizeddeformation,it is sufficient
to considerthe force-deflectionresponseto a normalcon-
tact of a small cylindrical tool shapewith an infinite half
space[10] (Figure 2b):

F � 2RE	 δ � (2)

whereR is the radiusof the tool tip andE 	 is definedin
termsof the Young’s modulus,andPoisson’s ratio of the
material(seeTable1). Theresponsefor eachtool depends
on its radius.

In Section4, experimentsaredescribedwhich confirm
thepredictedtool effects.

3 Model for Localized Deformation

Here, the tool is assumedto have axis symmetrical
shape,however, the modelingprocedureis independentof
any particularshape.Weconsiderthecaseof asmoothbody



surfacethat is meshedinto triangularelements,but we in-
siston thefactthattheapproachis completelyindependent
from any particulargeometricalrepresentationof thebody.

Thetip of thetool is linkedto themovementsof thehap-
tic device. Whenthetool interfereswith thebody, thepro-
jectionof thetool tip overtheundeformedbodysurfacede-
finesa point. Thedistancebetweenthis point andthe tool
tip definesthedeflection.This definitionof a contactpoint
is in actuallysimilar to the definition of a “god-object” in
therenderingof rigid bodies[17].

For interactionsat all pointsinsidean element,thenor-
mal force, Fn, is evaluatedby interpolationof threepre-
calculatedforce-deflectionresponses,eachrepresentingthe
responseto themechanicalinteractiona giventool at each
vertex:

Fn
� ∑

i 
 j � k � l n
e
i
�
X � fi � δ � Ui (3)

whereX is a contactpoint, δ is thedeflectionat thatpoint
andfor vertex i: ne

i is theinterpolationfunctionof element
e, fi is thepre-calculatedforce-deflectionresponseof anor-
mal contact,andUi is the unit normalvector. ne

i for i � j
maybeselectedto be:

ne
j
�
X � � Ak � l

�
X �

Ae (4)

whereAe is theareaof theelementeandAk � l is theareaof
the triangleformedby thecontactpoint X andthenodesk
andl , seeFigure3. Interpolationfunctionssuchasne

i based
on naturalcoordinatesare typically usedin finite element
and boundaryelementmethodsto ensurecontinuity over
thesurfaceof thebody[14].
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Figure3: Areacoordinatesfor a triangularelement.

In a preprocessingstep,the responsesarepreparedand
stored. This stepcanbe carriedout offline with standard
finite elementcodeor via measurementsmadeon samples.
The storagerequirementsareactuallysmall. Supposethat
eachfunctionandits correspondingnormalvectoris repre-
sentedby 20parameters,andthateachparametersin turn is
representedby a singleprecisionfloatingpoint number. To
representthe nonlinearresponseof the entirehumanbody
(2 m2) at a 1 mm resolution,2 million verticeswould be
needed.Therequired160Mbyte of memorycaneasilybe
providedby mostcommoditycomputer!

Geometry NormalForce

Flat R 2RE	 δ

SphereR 4
3 � RE 	 δ3� 2

Coneα 2
π tan

�
α � E 	 δ2

Table1: Force-deflectionresponsesfor axis-symmetrical
contactof tool shapeswith aninfinite elasticbody.
E 	 � E

1 � ν2 where E is Young’s modulusand ν
Poisson’s ratioof thematerial(resultsfrom [10]).

To representsliding contacts,tangentialforcesarising
from friction are modeledempirically in terms of pre-
sliding displacementsover the surfaceof the undeformed
body using the methodof [7] (Section3.1). The friction
forcesattheslidinglimit areµfn whereµ is thelimiting fric-
tion coefficientand fn is theamplitudeof thenormalforce.
It is possibleto ignoretheeffect of thesliding contactover
thenormalforce. This is similar to theapproximationused
in contactmechanics[10]. In Section4, a testmadewith a
pieceof rubberanda steeltool shows that this approxima-
tion is actuallyquitegood.

Analytical solutions to normal contact of axis-
symmetrical tools with an infinite elastic body are
reasonableapproximationto force-deflectionresponsesof
interactionswith significantly localized deformationover
a large smooth body. Table 1 lists the force-deflection
responsesfor a varietyof thesestool shapes.

4 Tests

Testswereperformedto assessthe effect of tool shape
during interactionwith local and global deformation,as
well astheeffect of friction forceson normalforceduring
a sliding contact.

A robotmanipulatorcreatedprogrammeddeflectionson
samplesanda forcesensormeasuredtheforceresponsefor
different tools, seeFigure 4a. During all tests,the robot
moved the tool at 1 mm/s. The sampleswerebondedto a
metallicplate. The tool shapesweretwo sphericalendsof
3.2 mm and12.7mm in diameter, andoneflat endof 3.2
mm,seeFigure4b. Thesewerecarriedout with ACME, the
ActiveMeasurementFacility developedat theUniversityof
British Columbia[13].

4.1 Case of Global Deformation

In the first test,we investigatedthe effect of tool shape
on theforce-deflectionresponseof interactionsthatcaused
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Figure4: a) ACME’s manipulatorperformingacontacttest,
b) Overview of tools,c) Contactwith global de-
formation,d) Normalcontactwith localdeforma-
tion, e) Normalcontactwith a freshpieceof liver.

globaldeformationof a pieceof rubbermountedasshown
in Figure4c. During eachinteraction,thetool tip movedin
straightline in thedirectionof thenormalto theundeformed
samplesurface.

Figure5agivesanexampleof tool displacementtrajec-
tory. Figures5b and 5c, collect overlaid force-deflection
curves resulting from the contactwith thesetools. The
force-deflectioncurvesfor threedifferent tools arealmost
identical.Thesmalldifferencebetweentheloadingandthe
unloadingphaseof eachtest is due to a small amountof
energy loss. It can easily be explainedeither by a slight
sliding movementof the tool over the body surfaceor by
plasticdeformationof thebody.
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Figure5: A Deflection trajectory and force-deflection
curvesfor contactof threetool shapes.

4.2 Case of Localized Deformation

In the secondtest, the effect of tool shapeon normal
contactswith local deformationwas studied. The rubber
samplewas mountedso as to be held by a large traction

surfaceasshown by Figure4d. Figure6a,givesan exam-
ple of tool displacementtrajectoryandFigure6b collects
overlaidforce-deflectioncurves.Thecurvesof thetoolsare
now significantly different from eachother. We compare
the force-deflectioncurvesof eachtool with the analytical
solutionfor a normalcontactof thesametool with aninfi-
nite half space(the valueE 	 � 3 � 45 MPA wasidentified).
For forcessmallerthan12N, theanalyticalsolutionsfit the
measurementsalmostexactly.
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Figure6: Displacement trajectory and force deflection
curvesfor tool shapes:1) 12.7mmsphere,2) flat,
and3) 3.2mm sphere.

4.3 Extensible Deformable Body

In thethird experiment,we investigatedwhetherthetool
shapehad a significant effect on the force-deflectionre-
sponsesof tool contactwith anextensibledeformablebody.
The body was a rectangularprism of fresh calf liver 10
mm deep,seeFigure 4e. Figure 7a providesan example
of tool displacementtrajectoryandFigure7b,collectsover-
laid force-deflectioncurvesresultingfrom contactsof the
sphericaltools. Theflat tool wasnot testedsinceit tended
to damagethe sample. Force-deflectionresponsesof the
toolsweresignificantlydifferent.
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Figure7: Displacementand force for tools: 1) 12.7 mm
sphereand2) 3.2mmactingon theliversample.

4.4 Normal Force Invariance

In the fourth experiment,the effect of the normalforce
of a sliding contactwasinvestigatedwith a 3.2mm spheri-
cal tool andtherubbersample,seeFigure4d. Thenormal



contactwasalongz andthesliding movementalongx axis.
In the first phase,the normalforce wasbroughtto around
14N, andthenseveralslidingbackandforth displacements
wereperformedovertheflat surfaceof therubber. Thiscre-
ateda wide rangeof friction forces,from -7 N to 7 N.

Figures8aand8bshow thedisplacementtrajectoriesand
figures8c and 8d show the force trajectories. Figures8e
and8f show plotsof thecorrespondingforce-displacement
curves. As Figure8c,eshows, during sliding movements,
theamplitudeof normalforcedid not changesignificantly.

0 10 20 30
0

5

10

15

x 
(m

m
)

 time (sec)
0 10 20 30

−1

0

1

2

3

z 
(m

m
)

 time (sec)

0 10 20 30
−10

−5

0

5

10

f x (
N

)

 time (sec)
0 10 20 30

0

5

10

15

20

f z (
N

)

 time (sec)

−2 0 2 4
0

5

10

15

20

f z (
N

)

z (mm)
−5 0 5 10 15

−10

−5

0

5

10

f x (
N

)

x (mm)

a b

c d

e f

Figure8: Displacementsandforcesduringnormalandslid-
ing contactbetweena sphericaltool andthe flat
surfaceof a rubberypiece.

5 Implementation

Themodelwasimplementedto evaluateitsperformance.
It also allowed us to empirically assessthe effect of tool
shapeon thehapticexperience.

The forceswererenderedby a PenCat/ProTM hapticde-
vice (ImmersionCanadaInc.). The simulation program
consistedof two independentreal-timethreadsrunningun-
der RTlinux3. One threadprovided for renderingof the
forces. A separateuserprocessprovided for graphicsand
userinteractionwith Tcl/Tk. The graphicaluserinterface
canbeseenin Figure9.

Thevirtual bodywasintentlychosento bea largecylin-
der. This allowedusto usetheanalyticalsolutionsof con-
tact mechanics. The surfaceof the cylinder was meshed
into triangularelements.At eachvertex the normalvector
is along the radiusof the cylinder so the force deflection
responsealongthatnormalis theanalyticalsolutioncorre-
spondingto amaterialandatool shapeselectedby theuser.
The tool shapescould be flat cylindrical punches,cones,

andspheresof different radius[10]. The force-deflection
equationscanbeseenatTable 1.

Figure9: Graphicaluser interfaceand device usedin the
tool contactsimulation.

Due to the high updaterate, the renderingwas com-
pletely free of oscillationsand limit cycles. The analyti-
cal forcesolutionguaranteedcontinuity resultingin a very
realisticexperience.The arbitraryselectionof tool shapes
andmaterialpropertiesallowedto confirmasthesefactors
affect significantlythehapticexperience.

6 Conclusion

This paperstudiedcasesof interactionbetweena tool
and a deformablebody where the force displacementre-
sponseis neededfor haptic renderingpurposes. It was
foundthatwhentheenergy suppliedby thetool distributes
everywherein thebody, correspondingto thecasewhenthe
deflectionsof thecontactneighborhoodarenotsignificantly
different,theforce-displacementresponsedoesnot depend
on the tool shapeor on the form of contact. This is not
truehoweverwhenthebodyundergoessignificantlocalized
deformation.The tool force-displacementresponsein this
casecritically dependson tool shapeandthe form of con-
tact.

A model for computing tool force-displacementre-
sponsesof interactionswith localizeddeformationwasin-
troduced. The responseto a normal contactwith a tool
could easily be calculatedat run time by interpolationof
pre-calculatedforce-deflectionresponses.A computerim-
plementationof the model was describedthat allowed to
assesstheeffectof tool geometryin contactrendering.

Ourapproachessentiallybypassestheconstraintof real-
time computationof contact responseusing preprocess-
ing. The storagerequirementsare quite modest. This
approachcan be generalizedto casesthat include other
tool maneuvers,globaldeformation,andevencutting[12].
The workspaceof the interactionis discretisedinto small
workspacesover which contactresponsesarechosento be
piecewiseinterpolatedbetweenpre-calculatedcontactsam-
ples.Dependingontheapplication,variousapproximations
canbemadein an informedfashionto tradeaccuracy with
storageandcomplexity.



For thegraphicsimulationof contactinteractionwith lo-
caldeformation,weusedtheanalyticalsolutionsof contact
mechanics.However themethodsof computationof defor-
mationin computergraphics [6, 8] couldbeusedto repre-
sentsthevisualappearance.Graphicsandhapticsshouldbe
doneasseparateprocessesas the constraints,modelsand
hardwarearecompletelydifferent. However graphicsand
hapticprocesscould sharesomeaspectsof the simulation
such as the determinationof the contactposition. Also,
graphicsprocesscould benefitfrom the knowledgeof ac-
curatecontactsolutionsprovidedby hapticsprocess.
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