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Abstract: A robot joint with two hydraulic ac-
tuators, one being redundant, is described. Two
methods are proposed for allocating actuation e�ort
in terms of the solutions of minimum-norm prob-
lems. In each case, a particular physical interpreta-
tion is given. A robust pid controller derived from
robust servomechanism theory and a robust con-
troller based on the H1-optimal sensitivity mini-
mization method are designed and experimentally
tested. Conclusions are drawn comparing the two
approaches.

1 INTRODUCTION

Actuator redundancy is a technique that overcomes
some of the limitations of joint designs for robot and
other mechanically demanding applications. Actu-
ator redundancy can improve the kinematic trans-
fer functions of certain mechanisms, eliminating loci
of kinematic singularities, providing ways of evenly
distributing stress in a structure, actively canceling
backlash in passive joints, increasing eÆciency, ac-
curacy, as well as other possibilities [7]. The planar
joint prototype powered with two high-performance
hydraulic actuators is shown in Figure 1. The ac-
tuators are described in detail in [2] and [3]. The
kinematic, structural, and dynamic properties of
the dual actuator joint are particularly simple, yet,
it exhibits all the relevant features of redundantly-
actuated parallel mechanisms as introduced above.

Closed-loop stability and performance are prop-
erties that should be maintained under a wide range
of conditions, including the case with signi�cant un-
certainty in the joint and load models. There is

Figure 1: Robot joint prototype

some uncertainty in the sensors and actuators dy-
namics. There is also signi�cant uncertainty related
to the task (payload inertia). Finding the best joint
angle controller for one single performance criterion
is not our concern here, so we restrict our attention
to linear time-invariant controllers because of their
simplicity.

2 APPROACH

Robust control of uncertain systems has been ap-
proached in a variety of ways, leading to theories
such as the H1 control theory [10], and the ro-
bust servomechanism theory [4]. The approaches
di�er in the plant models, the uncertainty models,
and the performance measures used. These linear
robust control methods have been combined with
feedback linearization techniques in robotics.

Two robust linear position controllers are de-
signed for the parallel joint, one based on the ro-
bust servomechanism theory, and the other based
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on the H1 sensitivity minimization method [10]. It
is shown that the H1 controller is more robust to
variations in the joint's inertia. Position control ex-
periments were conducted and results are presented
and compared. It will be concluded that good per-
formance in trajectory tracking can be achieved
with a �xed controller for a large range of inertial
loading.

The force-controlled nonlinear hydraulic actua-
tors can be considered as linear voltage-to-force
transducers, accurate at low frequencies but rolling
o� with uncertainty at high frequencies. The
closed-loop force bandwidth of the actuators was
experimentally determined to be between 50Hz for
large amplitudes (up to 510N) and 100Hz for small
amplitudes (20N), see [3]. The rest of the joint
mechanism and its load are approximated by a con-
stant inertia. This is justi�ed by comparing the
relative contribution of the moving masses of the
linkages to the inertia of the driven load. In addi-
tion, since controllers robust to changes in inertia
are speci�cally designed, detailed modeling is un-
necessary.

In the next section, basic kinematic properties
of the joint needed to design and implement the
controllers are derived. Moreover, the actuator
load-balancing problem is solved as instances of
minimum-norm problems.

3 LOAD BALANCING

The geometry of the robot joint, as shown in Fig-
ure 2, is parameterized by three numbers: the sep-
arating angle  , the crank's arm-length r, and the
shortest actuator length k. The position of the joint
is described by the angle , which once given, de-
termines the variable actuators' lengths �1 and �2
bounded by k and k + 2r.

A moment applied to the output shaft corre-
sponds to a bending stress in the crank's arm and
axial forces in the actuators. The actuators lengths
are measured directly. The kinematics of this mech-
anism are now derived. Posing � = r + k:

�1 = (�2 + r2 � 2�r cos )1=2 (1)

�2 = (�2 + r2 � 2�r cos( � ))1=2 (2)

 = arccos
�
(�2 + r2 � �2

1
)=(2�r)

�
(3)

 =  � arccos
�
(�2 + r2 � �2

2
)=(2�r)

�
(4)

The indeterminacy in the sign of  is resolved using
redundancy in sensing. If �1 is greater than �2,
Equation (3) is used, otherwise (4) is used, thus
maximizing accuracy. The Jacobian matrix J is
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Figure 2: Geometry of the joint

obtained as follows.

_� = J _ (5)

� = JT f (6)

with J =

�
�r sin =�1

(��r sin( � ))=�2

�
: (7)

where � is the joint torque and f =
�
f1 f2

�T
is

the vector of actuator forces. The rank of the jaco-
bian can be made equal to one irrespective of the
joint angle  with proper values of the mechanical
design parameters.
An in�nity of solutions for the vector of actuator

forces would satisfy Equation (6). We now discuss
two methods to compute optimal solutions in the
sense of norm minimization, one in Hilbert space,
the other in a Banach space. Both methods lead to
very simple closed-form solutions suitable for real-
time computation. Each of these norms has a sim-
ple physical interpretation.

3.1 Minimum 2-Norm Optimal Vector of
Forces

The 2-norm optimal vector of forces has a special
interpretation: It produces a resultant force that
is orthogonal to the moment arm, the latter being
aligned with the nullspace of the transposed Jaco-
bian. Hence, the resultant force delivered by the ac-
tuators contributes entirely to the torque applied at
the joint. No stress is generated in the structure as a
result of non-working forces. Given the relationship
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between � and f , the optimal minimum-norm vec-
tor ~f that satis�es it when the norm is chosen to be
the usual Hilbert space norm kfk = (f2

1
+ f2

2
)1=2 is

obtained by using the pseudo-inverse of the trans-
posed Jacobian JT . This expression is computa-
tionally eÆcient:

~f = J(JT J)�1� =
�

j2
1
+ j2

2

�
j1
j2

�
: (8)

3.2 Minimum 1-Norm Optimal Vector of
Forces

The1-norm optimal solution has an altogether dif-
ferent interpretation. It minimizes the maximum
absolute value of the actuator forces and can there-
fore be regarded as a way to reduce stress in the
actuators, rather than in the structure as it is the
case with the 2-norm. Alternatively, it can be re-
garded as a way to maximize the output torque,
given limits in the actuators. The1-norm solution
vector has forces that are equal in magnitude, and
that magnitude is minimal. The minimum-norm
optimization problem is formulated in a Banach
space with the norm kfk1 = max(jf1j; jf2j). The
derivation of the optimal vector can be carried out
with the theory of dual Banach spaces, but is omit-
ted here (see [2]). The minimum 1-norm vector is
given by:

~f =
�

jj1j+ jj2j

�
sgn(j1)
sgn(j2)

�
; (9)

where sgn(�) has its usual de�nition. This expres-
sion is very simple and can be easily computed in
real time.

3.3 Design of a Range of Solutions

It is sometimes desirable to apply a pre-load force
in a joint, e.g., to eliminate backlash. This can be
accomplished by using a force vector lying in the
nullspace of JT . Such a vector would be aligned
with the moment arm and thus would not con-
tribute to the movement of the joint. It can be
expressed as a unit vector pointing outward:

n =

�
[j2(j

2

1 + j22)
�1=2

� (1 + j22=j
2

1)
�1=2]T ; > 0

[�(1 + j21=j
2

2)
�1=2 (1 + j22=j

2

1 )
�1=2]T ;  � 0

(10)

A pre-load force Fpln can be added to the 2-norm

optimal vector ~f . It should be noted that the 1-
norm optimal vector of forces cannot be used for
that purpose. However, a range of solutions can
be designed by splitting the desired output torque
into two additive desired torques. By adjusting the
relative weight of each solution, multiple criteria
can be traded o� at a low computational cost.

τ γ γ

γ

w

n

γ
1__

I s2

m

d

(disturbance)

(noise)

C(s)
−es + +

+

+

Figure 3: Block diagram of closed-loop system

4 JOINT ANGLE CONTROL

Two approaches are now investigated for robust lin-
ear control of the joint angle. Unmodeled linear and
nonlinear dynamics, disturbances and variations in
system parameters form the uncertainty, and the ro-
bustness and disturbance rejection properties of the
two control laws should reduce its e�ect. We con-
sider the case where the redundant revolute joint is
carrying a load of inertia I :

I� = �: (11)

4.1 PID Controller Based on Robust Ser-
vomechanism Theory

Assume we only have an estimate Î of the joint's
inertia. The goal is to drive the system so as to
track the reference input des(t) and to reject a pos-
sibly persistent disturbance w with uncertainty in
the knowledge of the system's inertia and measure-
ment noise (known as the robust servomechanism
problem). The internal model principle used in ro-
bust servomechanism theory states that a control
system is structurally stable (meaning that it is ro-
bust to small perturbations in the state-space ma-
trices) only if the controller utilizes feedback of the
regulated variable, and incorporates in the feedback
a suitably reduplicated model of the exogenous sig-
nals [6]. Kuo and Wang [8] demonstrated the use-
fulness of this principle for robot control when the
uncertainty is assumed to be constant ( _e = 0) but
of unknown magnitude. In this case, the resulting
controller is just a classical pid controller, that is,
an integral term is added to the usual state feed-
back controller [5]. Referring to Figure 3 for the
notation and following [8], we �rst apply a state
feedback with the proportional and derivative gains
Kp and Kd to Equation (11):

I�� = Î(�Kd _m �Kpm +Kpu): (12)

where �� is the joint angular acceleration before the
output disturbance w(t) is added to it. The refer-
ence trajectory �des; _des; des implicitly de�ning ud
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is included, yielding:

Kp(u�ud) =
I

Î
����des+Kd( _m� _des)+Kp(m�des):

(13)

De�ne y =  � des as the tracking error and v =
u � ud as the input from the robust part of the
controller, and let I = Î +�I . We have:

�y +Kd _y +Kpy = Kpv � e: (14)

Where the uncertainty e is given by

e = Kd _n+Kpn�
I

Î
�w +

�I

Î
�: (15)

This tells us that for a small �I and low-power
noise, a slowly-varying e implies that the distur-
bance w is also slowly-varying, since �w must have
its energy at low frequency. The assumption that e
be constant may be justi�ed for slowly-varying dis-
turbances as well, which for example may be due to
friction. In other words, integral control also works
well for slowly-varying uncertainty. The rest of the
design of the \robust part" can be carried out in
the augmented state space R3 with a second set of
state feedback gains fKig

3

i=1. The combination of
these gains with the initial pd gains yields the pid
control law:

�= Î [�des + ~Kp(des � m) + ~Kd( _des � _m)(16)

+ ~Ki

Z t

0

(des(�) � m(�))d�] (17)

The gain margin obtained with this PID controller
is about -18dB, i.e., instability occurs when the gain
is decreased. The phase margin is 70Æ. Therefore
the feedback system should have robustness against
unmodeled phase lag, but not to uncertainty in the
joint's inertia, especially if it is underestimated.

4.2 An H1-Optimal Robust Controller

The second approach investigated is the H1 sensi-
tivity minimization method which originated in the
work of Zames and Francis [10]. This corresponds
to a minimax problem in which the maximum value
of the weighted sensitivity on the j!-axis is mini-
mized. The sensitivity function

S(s) =
1

1 + C(s)G(s)
(18)

bears this name because it is equal to the relative
change of the closed-loop transfer function from the
reference to the output, to a relative change in the
loop gain L(s) := C(s)G(s). The transfer function

from w to  is also equal to the sensitivity function.
Thus we see that minimizing the (weighted) sensi-
tivity o�ers two advantages: it desensitizes the sys-
tem from variations in the loop gain, and it attenu-
ates the e�ect of the output disturbance [10]. The
H1 controller will guarantee good robustness and
good output disturbance rejection for �nite-energy
or �nite-power disturbances w(t).
The following interpolation condition is required

for internal stability of the closed-loop system:
Since the plant G(s) has a double pole at the origin,
S(s) must have a double zero at the same location.
We pick a minimum-phase, proper, rational weight-
ing functionW (s) and we seek to minimize the H1
norm of the weighted sensitivity S(s)W (s) over all
linear time-invariant controllers C(s):

min kSWk1 = min sup
!
jS(j!)W (j!)j: (19)

We have to use a weighting function because for a
strictly proper plant G(s) such as our robot joint,
the H1 norm of the sensitivity is always greater or
equal to 1 [10]. The weighting function can make
jS(j!)j small at low frequencies by choosing a large
jW (j!)j at those frequencies.
We now design an optimal sensitivity by picking

a suitable weighting function W (s). First, notice
that jW (j!)j inverts jS(j!)j and that W (s) must
have two poles at s = 0 since the plant model is
G(s) = 1=Îs2. Zeros can be selected forW (s) which
become the closed-loop poles. After a few trials, we
chose W (s) such that low-frequency output distur-
bances could be rejected and perturbations of the
loop gain at low frequencies could be tolerated with-
out inducing instability (stability robustness).

W (s) =
(s=!a + 1)3

s2(s=b+ 1)
: (20)

The corresponding optimal sensitivity is

S(s) =
ks2(s=b+ 1)

(s=!a + 1)3
: (21)

The gain k is now adjusted such that S(j!)! 1 as
! ! 1 to make sure that the magnitude jH(j!)j
of the complementary sensitivity function H(s) =
1�S(s) mapping des to  rolls o� at high frequen-
cies as fast as the second-order plant. Thus the
actuators will not be delivering too much power at
high frequencies: lim!!1 S(j!) = (k!3a)=b = 1, so
that k = b=!3a.
We now calculate the controller C(s) after select-

ing b = 3!a and k = 3=!2a.

C(s) =
H(s)

G(s)S(s)
=
Î!2a(3s=!a + 1)

3(s=3!a + 1)
(22)
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Figure 4: Sensitivity functions

C(s) turns out to be a classical lead controller. Of
course, the structure of the controller always de-
pends on the choice of the weighting functionW (s),
which is the real design parameter.

We set !a = 15 rd/s in the controller. The phase
margin is a little more than 50Æ while the gain mar-
gin is in�nite, showing good \classical" robustness
properties. More importantly, the optimal S(s)
maximizes the stability robustness margin 1+L(j!)
to arbitrary stable loop gain perturbations �(s)
with magnitudes bounded by W (j!) on the imagi-
nary axis.

The sensitivity magnitudes of the two robust
controller designs and of a third baseline pd con-
troller are plotted in Figure 4. It can be seen that,
paradoxically, the H1-optimal controller yields the
largest sensitivity magnitude of the three designs.
This is due to its low bandwidth limited to !a =
15 rd/s to prevent the onset of nonlinear insta-
bility in the hydraulic actuators. More interest-
ingly, even though the H1-optimal design displays
the largest sensitivity magnitude, it is on the other
hand more robust to variations in the joint's inertia
than the pid design because it has an in�nite gain
margin. This is an important remark since robust-
ness is an important speci�cation in many robotics
applications. Thus, the sensitivity obtained with
the H1 controller seems to o�er a better robust-
ness/performance tradeo�. Note that recent results
in robust control [1] suggest that such a robust-
ness/performance tradeo� would be best addressed
by the H1-theory-based �-synthesis approach in
which both objectives are optimized concurrently.
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Figure 5: Joint angle response with PID controller,
overestimated inertia

5 EXPERIMENTAL RESULTS

Two control experiments were conducted to evalu-
ate and compare the robustness of the pid and the
H1-optimal controllers for an overestimated iner-
tia, that is I = 0:36 while Î = 0:71. Feedforward
of the desired angular acceleration was used with
the H1-optimal controller for a better comparison
with the pid controller. The closed-loop joint an-
gle trajectories are plotted in Figures 5 and 6. The
H1-optimal controller o�ered more robustness and
better tracking performance under these conditions.
The minimum 2-norm vector of actuator forces was
implemented in both cases for load balancing. An-
other experiment with an underestimated inertia
Î = 0:2 while I = 0:71 showed that tracking per-
formance of the pid controller deteriorated signi�-
cantly, as expected from the negative gain margin
[2].

6 CONCLUSION

We presented the main kinematic and dynamic con-
trol issues associated with a redundant, parallel
robot joint with hydraulic actuators. It was sug-
gested to use redundancy in sensing and actuation
to increase the accuracy of the joint, to minimize in-
ternal stress with the minimum 2-norm vector of ac-
tuator forces, or to maximize torque with the min-
imum 1-norm vector.
Two robust controllers were designed and exper-

imentally tested. The pid controller showed rea-
sonable tracking performance, but it was not as
robust as the H1 lead controller when bad esti-
mates of the joint's inertia were used. The angle
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Figure 6: Joint angle response with H1 controller,
overestimated inertia

response of the H1-optimal control system satis-
factorily tracked the desired joint angle trajectory.
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